GLOBAL SMALL SOLUTIONS TO THREE-DIMENSIONAL 
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Abstract. In this paper, we consider the global wellposedness of 3-D incompressible magneto- 
hydrodynamical system with small and smooth initial data. The main difficulty of the proof 
lies in establishing the global in time L estimate for gradient of the velocity field due to the 
strong degeneracy and anisotropic spectral properties of the linearized system. To achieve 
this and to avoid the difficulty of propagating anisotropic regularity for the transport equa- 
tion, we first write our system (1.1) in the Lagrangian formulation (2.20). Then we employ 
anisotropic Littlewood-Paley analysis to establish the key L 1 in time estimates to the ve- 
locity and the gradient of the pressure in the Lagrangian coordinate. With those estimates, 
we prove the global wellposedness of (2.20) with smooth and small initial data by using 
the energy method. Toward this, we will have to use the algebraic structure of (2.20) in a 
rather crucial way. The global wellposedness of the original system (1.1) then follows by a 

CLj ' suitable change of variables together with a continuous argument. We should point out that 

compared with the linearized systems of 2-D MHD equations in [22] and that of the 3-D 
modified MHD equations in [21], our linearized system (3.1) here is much more degenerate, 

f^ moreover, the formulation of the initial data for (2.20) is more subtle than that in [22]. 

Keywords: Inviscid MHD system, Anisotropic Littlewood-Paley theory, Dissipative 
estimates, Lagrangian coordinates 
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1. Introduction 



(N 
> 

On 

OQ . In this paper, we investigate the global wellposedness of the following three-dimensional 

£NJ " incompressible magnetic hydrodynamical system (or MHD in short) with initial data being 

■^ ■ sufficiently close to the equilibrium state: 

d t b + u- V6 = b- Vu, (t,x) G E + xR 3 , 



(1.1) 



d t u + u ■ Vu - Ait + Vp = — V[6[ 2 + b ■ V6, 
divit = divfo = 0, 



b\t=o = b , u\t=o = u , 
5_i \ 

where b = (b ,b 2 ,b s ) denotes the magnetic field, and u = (u 1 ,u 2 ,-u 3 ) ) ,p the velocity and 

scalar pressure of the fluid respectively. This MHD system (1.1) with zero diffusivity in 

the equation for the magnetic field can be applied to model plasmas when the plasmas are 

strongly collisional, or the resistivity due to these collisions are extremely small. One may 

check the references [13, 17, 4] for more detailed explanations to this system. 

It has been a long-standing open problem that whether or not classical solutions of (1.1) 
can develop finite time singularities even in the two-dimensional case. In the case when there 
is full magnetic diffusion in (1.1), Duvaut and Lions [14] established the local existence and 
uniqueness of solution in the classical Sobolev space H S (JH ), s > d, they also proved the 
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global existence of solutions to this system with small initial data; Sermange and Temam [26] 
proved the global unique solution in the two space dimensions; Abidi and Paicu [1] proved 
similar result as in [14] for the so-called inhomogeneous MHD system with initial data in 
the critical spaces. With mixed partial dissipation and additional magnetic diffusion in the 
two-dimensional MHD system, Cao and Wu [5] (see also [6]) proved that such a system is 
globally wellposed for any data in H 2 (R ). Lin and the second author [21] proved the global 
wellposedness to a modified three-dimensional MHD system (3-D version of (1.2) below) with 
initial data sufficiently close to the equilibrium state. Lin and the authors [22] established 
the global existence of small solutions to the two-dimensional MHD equations (1.1). 

For the incompressible MHD equations (1.1), whether there is a dissipation or not for the 
magnetic field is a very important problem also from physics of plasmas. The heating of high 
temperature plasmas by MHD waves is one of the most interesting and challenging problems 
of plasma physics especially when the energy is injected into the system at the length scales 
much larger than the dissipative ones. It has been conjectured that in the three-dimensional 
MHD system, energy is dissipated at a rate that is independent of the ohmic resistivity [11]. 
In other words, the viscosity (diffusivity) for the magnetic field equation can be zero yet the 
whole system may still be dissipative. We shall justify this conjecture for (1.1) with initial 
data close enough to the equilibrium state. 

Notice that in two space dimensions, div 5 = implies the existence of a scalar function <j> 
so that b = (d2<fi, — d\(f)) T , and the system (1.1) becomes 



1.2) 



' d t (f) + u ■ V(f> = 0, (t,x) G 

dfU + u ■ Vm — Aw + Vp = 
div ti = 0, 
<f>\t=o = </>o(x) = x 2 + tpo(x), 



x 



1 



V|V^| 2 -div[V(/>«>V0] : 



2 
m|*=o 



u , 



The main idea in [22] is first to seek another scalar function 4>(x) = —x\ + ipo so that 

(1.3) detC/ = l for U = f 1 + *»f* . ^ ) , 

provided that ipQ is sufficiently small in some sense. Then the authors of [22] looked for a 
volume preserving diffeomorphism in K , Xo(y) = y + Yo(y), so that 

(1.4) U o X (y) = V y Xo(y) = 1 + V y Y (y). 
Let (Y(t,y),q(t,y)) be determined by 



(1.5) 



X(t,y)=X (y)+ / u(s,X(s,y))ds d ^y + Y(t,y), 
Jo 

def 



l{t,y) u =(p+\V<f>\ 2 )oX(t,y). 

(1.2) can be equivalently reformulated as 



(1.6) 



Y tt - Vy • V Y Y t -d 2 yi Y + V Y q = 0, 
VyY t = 0, 



(t,y)€ 



Y\ t=0 = Y , Y t 



def - 



t=0 



u oX (y) = Y 1 
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where Vy = Ay V y and 



(1.7) Ay 



deifl + d y2 Y 2 -d y2 Y l 
-cLY 2 l + d m Y l 



In particular, the linearized system of (1.6) reads 



{ Y tt - A y Y t - d 2 m Y = f(Y, q) , (t, y)£R + xR 2 , 



(li 



V y -Y = p(Y), 

Y\ t=0 = Y , Y t \ t=0 = Y 1 . 



By using anisotropic Littlewood-Paley theory, the authors [22] first established the global 
wellposedness of (1.6) with small and smooth initial data, then they proved the global well- 
posedness of (1.2) with sufficiently small data (ipo, Uq) through a suitable changes of variables. 

However, in the three-dimensional case, we can not find such an equivalent formulation of 
(1.1) as (1.2). Instead, for bo — e% being sufficient small, we can find a \I/ = (ipi,tp2,'4 , 3) T so 
that there holds (2.3). Compared with (1.3), (2.3) is a nonlinear system. With this \I/, we 

can define 5q and 6g via (2.4) so that the 3x3 matrix Uq = (5q, &0i 6q) satisfies 

(1.9) divB = divb = 0, and det U = 1. 

With thus obtained Uq, we can find a 3-D volume preserving diffeomorphism Xq(ij) = y + 
Yo(y), and reformulate (1.1) in the Lagrangian coordinate (2.20) with its linearized system 
(2.21). We point out that one crucial idea in [22] is to use dy-^Y 1 + d y2 Y 2 = p(Y) to propagate 
the time dissipative estimate of d yi Y l to that of d y2 Y 2 . Notice that in the linearized system 
(2.21), one only has time dissipative estimate for d ya Y, and we can not use V^ • Y = p(Y) to 
propagate the time dissipative estimate from d y3 Y^ to that of dy-^Y 1 , d y2 Y 2 , which gives rise 
to another difficulty in the analysis of three-dimensional MHD system. And we will have to 
use the nonlinear structure of (2.20) in a rather crucial way so that the source term in (2.21) 
is still globally integrable in time. As in [22], we shall first establish the global wellposedness 
of (2.20) with small and smooth initial data, we then prove the global existence of small 
solution to (1.1) by a suitable changes of variables along with a continuous argument. 

We should remark that the system (1.2) is of interest not only because it models the incom- 
pressible MHD equations, but also because it arises in many other important applications. 
Moreover, its nonlinear coupling structure is universal, see the recent survey article [19]. 
Indeed, the system (1.2) resembles the 2-D viscoelastic fluid system: 



(1.10) 



Ut + u-VU = VuU, 

u t + u ■ Vu + Vp = Au + V • (UU T ) 

divu = 0, 

U\ t =Q = Uq, U\ t =0 = U , 



where U denotes the deformation tensor, u is the fluid velocity and p represents the hydro- 
dynamic pressure (we refer to [20] and the references therein for more details). 

In two space dimensions, when V ■ Uq = 0, it follows from (1.10) that V • U(t,x) = for 
all t > 0. Therefore, one can find a vector = (<fii, 4>2) T such that 

( _ i -d 2 4>i -d 2 (p2 
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Then (1.10) can be equivalently reformulated as 

4> t + u ■ V(f> = o, 

[ ' | divu = 0, 

k 4>\t=0 = 00' u \t=o = u . 

The authors ([20]) established the global existence of smooth solutions to the Cauchy problem 
in the entire space or on a periodic domain for (1.11) in general space dimensions provided 
that the initial data is sufficiently close to the equilibrium state (one may check [10, 18] for 
the 3-D result). One sees the only difference between (1.2) and (1.11) lying in the fact that 
is a scalar function in (1.2), while cj) = {4>i:4>2) T is a vector- valued function with the unit 
Jacobian in (1.11). However, it gives rise to an essential difficulty in the analysis. In fact, 
there is a damping mechanism of the system (1.11) that can be seen from the linearization 
of the system dt (1-11): 

( (f> tt - A0 - A0 t + Vq = f, 

(1.12) < u tt -Au-Au t + V P = F, 

[ div it = 0. 

We also remark that the linearized system of (1.2) in 3-D reads 

(1.13) dfy - (d 2 Xl + d 2 X2 W - Ad t ^ = f. 

One may check Remark 1.4 of [21] for details. It is easy to observe that our linearized system 
in (2.21) is much more degenerate than (1.12) and (1.13). 

As in [22], to describe the initial data &o i n (l-l)j we need the following definition: 

Definition 1.1. Let bg = (6q, 6q, 6q) ^ e a smooth enough vector field. We define its trajectory 
X(t,x) by 

(1.14) f « = 6 oW ,x)), 

{ X(t,x)\ t =o = x. 

We call that f and 5q are admissible on a domain D of R 3 if there holds 

f{X(t,x))dt = for all x G D. 

Jr 

Remark 1.1. As in [22], the condition that f and b are admissible on some set ofM. is to 
guarantee that 

(1.15) 60^1^ + ^x^ + 60^x3^ = / 

has a solution ip so that limi. r |_> 00 ip(x) = 0. Let us take b = (0, 0, 1) T for example. In this 

case, (1.15) becomes d x:i ip = /, which together with the condition limi a . 3 i_ > . 00 ^(a;) = ensures 

that 

roo rxz 

ip(x h ,x 3 ) = - f(x h ,t)dt= f(x h ,t)dt. 

JX3 J —00 

We thus obtain that J R f(xh,t)dt = 0, that is, f and (0, 0, 1) T are admissible on R x{0}. 

def 

Notations: Let X±,X2 be Banach spaces, the norms || • ||xinx 2 = II ' llxi + || ■ IIX2 an d 

11 11 4^f 11 11 1 11 11 f n 1 

II ' \\LP(R+;X 1 nX 2 ) = II ' \\LP(R+;X 1 ) + II ' \\lp(R+;X 2 ) toT P e [1)°°J- 
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We now state the main result of this paper: 
Theorem 1.1. Let s\ > §, s 2 G (-5,-3), and p G (|,2). Let s > s\ + 2, 7et (6 , Wo) 

s +-+- -— 1 

satisfy b - e 3 G £ pl p 2 n # S (M 3 ) for e 3 = (0,0, 1) T , and u G iF 2 n B^ (M 3 ) with 

Vw G By, 1 *"* n H s - l (R 3 ) and 

(1-16) ||h -e 3 || sl+ 3 + i + ||wo|| . . 3_j + ||Vwo|| S] + 3 3 < c 

for some Co sufficiently small. We assume moreover that ho — e 3 an d 60 are admissible on 
R x{0} in the sense of Definition 1.1 and Supp (ho — e 3) (^1)^25 •) c [— K, K] for some 
positive constant K. Then (1.1) has a unique global solution (b,u,p) (up to a constant for 
p) so that 

b - e 3 G C([0, 00); F S (IR 3 )) n L 2 (M+; /T 1+1 n iT 2+1 (M 3 )), 

(1.17) VnGC([0,oo);/7 s - 1 (IR 3 ))nL 2 (]R + ;iJ Sl nH S2 (R 3 )), 

u G C([0, 00); H S (R 3 )) n L^R+j iJ Sl+2 n bI^r 3 )) n l 2 oc (ir + ; tf s+1 (R 3 )). 
Furthermore, there holds 

\\b — e^W LCO ^ R + .^ S1 +i n fjs. 2 ^ + ||w|| L oo(]R+.jj«i+i n jj*2) 

+ l|6 ~ e 3|lL 2 (K+;iJ s i + 1 ni : f s 2+l) + ll' U llL2( R +.^ S i+2 ni j' S2 +l- ) 

(L18) + IH W + ;^-n4) + H V ^l^^;^n^) 

< C(||6 - ^IN.+f^ + IKIL ^^ J-, + ||Vtio|| B . li+M ). 

Remark 1.2. (1) One may find the definitions of Besov spaces in Subsection 3.2. We remark 
that those technical assumptions on bo and uq will be used to deal with the low frequency part 
of b and u. For simplicity, we do not provide result on the propagation of regularities for 

ho - e 3 € B S p \p + *{R 3 ) and X7u G £^ +i; " 5 (R 3 ). 

(2) Here we point out that the estimate of \\b — C3|| i2 m+.jj-si+infl'*2+ 1 ) ^ n (1-18) is not 
standard for the solutions of the transport equation in (1.1). It is purely due to the coupling 
structure in (1.1). ^4nd this estimate in some sense explains that the magnetic field is indeed 
time dissipative even without resistivity for the magnetic field. We shall go back to this point 
in our future work. 

(3) We can improve the condition that: Supp (bo — e z){ x i-, x 2-> •) C [—K,K] for some 
positive number K, in Theorem 1.1 by assuming appropriate decay of bo — e 3 with respect to 
x 3 variable. For a clear presentation, we prefer not to present this technical part here. 

Let us complete this section by the notation we shall use in this context. 
Notation. For any s G M, we denote by H S (R ) the classical L? based Sobolev spaces with 



\H s 



the norm || • \\h s , while H S (R ) the classical homogenous Sobolev spaces with the norm 
Let A, B be two operators, we denote [A; B] = AB — BA, the commutator between A and B. 
For a < b, we mean that there is a uniform constant C, which may be different on different 
lines, such that a < Cb, and a ~ b means that both a < and b < a. We shall denote by 
(a\b) the L 2 (R ) inner product of a and b. {djk)j,kez. (resp. (cj)j^z) wm be a generic element 
of f, l (l?) (resp. £ 2 (Z)) so that X^ifcez^fc = 1 ( res P- ^jei ] = -0- Finally, we denote by 
L p T (L q h (L r v )) the space LP([0,T]; L 9 (M 2 fe ; L r (R X3 ))) with z ft = (xi,x 2 ). 
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2. LAGRANGAIN FORMULATION OF (1.1) 

Motivated by [22], we are going to construct two vector fields Bq = (6q,6q,6q) t and bo = 
(6q,6o)^o) T so that the 3x3 matrix Uq = (bo, bo, bo) satisfies (1.9). 

Proposition 2.1. Let s > 2 + ^ and p E (|,2). Let b - e 3 = (6q,&0' & ~ l ) T G B p,i( R3 ) 
with 

(2.1) div6 = and ||(&S,&8,6g - 1)|| B ^ < e . 

We assume moreover that bo — e 3 and bo are admissible onl x {0} in the sense of Definition 
1.1 and Supp (bo — e 3 )(xi,x 2 , ■) C [—K,K] for some positive constant K. Then for eo 
sufficiently small, there exists a \l/ = (ipi,ip2,ip3) which satisfies 



B 



P,i' 



(2.3) . 



(2-2) \\(^i,^2,H\b; a < C{K,eo)\\{bl,blA ~ 1 

and 

bl = d X2 ipid X3 ip 2 + d X3 ipi(l - d X2 ip 2 ), b 2 Q = d x . 3 ipid Xl ip 2 + d X3 ip 2 (l - d Xl ipi), 

$ = (1 - d xi ipi)(l - d X2 if) 2 ) - d X2 if)id xl i/>2, and det (I - V x *) = 1. 
Moreover, we define 

b = ((1 - d X2 ip 2 )(l - d X3 ip 3 ) - d X3 ip 2 d X2 if) 3 , d X3 if) 2 d Xl ip 3 + d Xl ip 2 (l - d X3 ip 3 ), 

, N d xl ip 2 d X2 ip 3 + d xi ip 3 (l -d X2 ip 2 )) and 

(2-4) _ dgf 

bo = (d X3 ipid X2 ip 3 + d X2 ipi(l - d X3 ip 3 ), (1 - d xi ipi)(l - d X3 ip 3 ) - d X3 ipid xl ^ 3 , 

d X2 ipid Xl ifj 3 + d X2 ip 3 (l - d xi ipi)) , 

then Uq = (bo, bo, bo) satisfies (1.9), and for e\ = (1, 0, 0) T , e 2 = (0, 1, 0) T , 

(2.5) ||6o-ei|| B .-i + ||6o-c 2 || B .-i<C(if je o)||(6o,^^-l)llB| 1 . 

The proof of this proposition is postponed in Appendix B. 

With Uo obtained in Proposition 2.1, we shall first investigate the global wellposedness to 
the following system with sufficiently small uq '■ 

' dtU + u-VU = VuU, (t, x) £ R + x R 3 , 
d t u + u ■ Vu - Au + Vp = — V|b| 2 + b ■ V6, 
div u = and div U = 0, , 
J7|t=o = U Q , u\t=o = Uq, 

where the 3x3 matrix U = (b,b,b), and b = (& 1 , 6 2 , 6 3 ) , b = (b l ,b 2 ,b 3 ) . In particular, 
for any smooth enough solution (U,u) of (2.6), (b,u) must be a smooth enough solution of 

(1-1). 

The main result concerning the wellposedness of the system (2.6) can be stated as follows: 



(2.6) 



3 



1 



Theorem 2.1. Let si > |, s 2 G (-5,-3) and p € (1,2). Let u £ H S2 n B^ (R 3 ) with 



3 3 



S1+- — - 1 

p 2/Tn)3\ „„J rr _ / j _ vr vr,^ 1 ,„,>!, vr, _ /„/. „/. „/. \T 



Vm G B pl p 2 (R 3 ) and U = (I - V^*) with * = (^1,^2,^3) satisfying V* € 



^ 2 + 3 3 



B"V p 2 r\B x p 2 (R 3 ) and det(I - V x *) = 1. We assume that 



(2.7) ||V*|| „ + a_a S1 + 3_i +||«o|| a_i + ||V«o|| S1 + 3_3<e 
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for some £q sufficiently small. Then (2.6) has a unique global solution (U,u,p) (up to a 
constant for p), with U = (b, b, b) , so that 

b - d, b - e 2 € C*([0, oo); H S1+1 n F S2+1 (R 3 )), 

b - e 3 g C([0, oo); H Sl+1 n iT 2 (R 3 )) D L 2 (R+; iT 1+1 D iT 2+1 (M 3 )), 

(2.8) u € C([0, oo); iT 1+1 n H S2 (R 3 )) n L 2 (M+; iT 1+2 n iT 2+1 (R 3 )) 

nL 1 (R + ;fl' ai+2 nB| )1 (R 3 )), 

VpeL 2 (R + ;H Sl nii S2 (R 3 )). 
Furthermore, there holds 

||(0 ei, O e 2)\\£ J oc( R +.f I s 1 +l n l I S2+l- ) + \\b — e 3\\l J oc^ R +.f I a 1 +l n f I S2- ) 

+ \\ U \\L°°(R+;H 3 l+ 1 nH 3 2) + II" ~~ e ^\\L 2 (R + ;H s i+^nH s '2+ 1 ) 
(2-9) + ||w|| L 2 CR + ; H.l+2nff«2+l) + ll U ll L l (M+;i j sl +2 nj B| i) + W V P\\L2(R+;HsmH°2) 

<C(||V*||.. 2+ a_a 31+ 3_i + ||uo|| . .a_i + ||Vuo|| , 1+ a_a). 

In order to avoid the difficulty of propagating anisotropic regularity for the transport 
equation in the system (2.6), we shall reformulate (2.6) in the Lagrangian coordinates. Toward 
this, we need first to find a volume preserving diffeomorphism Xo(y) on K so that there holds 
(1.4). 

Lemma 2.1. Letpe (l,2),s > 1 + |. Let* = (0i, ^2,^3) T satisfy V* G B'^R 3 ), det(l- 
V\P) = 1 and ||V*|| B s-i < eo for some Eq sufficiently small. Then for Uq = (I — V*) , 
there exists Y (y) = (Y^(y), Y$(y), Y§(y)) T so that X (y) = y + Y (y) satisfies 

(2.10) U oX (y) = V y X (y) = I + V y Y Q (y) and HV^I^-i < C||V x *||^-i. 

Proof. Let Y = (Y 1 ,Y 2 ,Y 3 ) T , we denote 

(2.11) F(y,Y)^Y-*(y + Y), 

with F(y,Y) = (F 1 (y,Y),F 2 (y,Y),F 3 (y,Y)) T . 

It is easy to observe from the assumption: det (I — V^*) = det Uq = 1, that 

8{F\F\F^^ 

J d(Y\Y 2 7Y 3 ) 

from which, ||V*||l°° < Ceq for some eo sufficiently small, and the classical implicit function 
theorem, we deduce that around every point y, the function F(y, Y) = determines a unique 
function Y (y) = (Y 1 (y),Y 2 (y),Y 3 (y)) T so that 

F(y,Y (y)) = 0, 

or equivalently 

(2.12) Y (y) = *(y + Y (y)). 
Then denoting by Xo(y) = y + Yo(y), we have 

(2 13) d yi YJ(y) =d Xl ^ X (y)(l + d yi Y \y)) + d^j ° X (y)d yi Y 2 (y) 

+ d X3 ^oX (y)d yi Y 3 (y), for j = 1,2,3. 



det a ^l'^'^3N = det ( J " V :C *)U= 2/ +Y = 1, 
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Due to the fact that det (/ — V x *&) = det U$ = 1, we conclude that / — V x ^ equals the 
adjoint matrix of Uq = (bij) ■ ■_-, 2 ,, which along with (2.13) ensures that 

(2.14) d yi Y \y) = bu o X (y) - 1, d yi Y 2 (y) = b 21 o X (y), d yi Y 3 {y) = b 31 o X (y). 
Along the same line, one has 

d vj Y o (v) = h ° x o(y) - <%■ 

which implies the first part of (2.10). This in particular leads to 

V x (X^(x)) = {(V y X ) o X.Hx))' 1 = U \x) = I - V*(x), 

from which, (2.12), ||V^|| B *-i < £o for s > 1 + - and Lemma A.l, we achieve the second 
part of (2.10). ' □ 

With Xo(y) = y + Yo(y) obtained in Lemma 2.1, we now define the flow map X(t,y) by 

dX(t,y) 

— — = u(t,X(t,y)), 

X(t,y)\ t=0 = X (y), 

and Y(t, y) through 

(2.15) X(t, y) = X (y) + / u(s, X(s, y)) ds d = y + Y(t, y). 

Jo 

Then by virtue of Proposition 1.8 of [23] and (2.10), we deduce from (2.6) that 

(2.16) U(t,X{t,y))=VyX(t,y) = I + V y Y(t,y) and det (I + V v Y(t,y)) = 1. 

dcf def 

Denoting U(t,X(t, y)) = (ay)i,j=i,2,3 and Ay = (bij)i,j =1,2,3 with 

611 = (1 + d 2 Y 2 )(l + d 3 Y 3 ) - 8 3 Y 2 d 2 Y 3 , bn = d 3 Y 1 d 2 Y 3 - d 2 Y 1 (l + 8 3 Y 3 ), 
b 13 = d 2 Y 1 8 3 Y 2 - d 3 Y\l + 8 2 Y 2 ), 621 = d 3 Y 2 8iY 3 - 8iY 2 (l + 8 3 Y 3 ), 

(2.17) b 22 = (1 + diY l )(l + 3 Y 3 ) - d 3 Y l diY 3 , b 23 = 8 3 Y l diY 2 - (1 + diY l )d 3 Y 2 , 
b 31 = diY 2 d 2 Y 3 - (1 + d 2 Y 2 )diY 3 , 632 = d 2 Y 1 8iY 3 - (1 + diY^Y 3 , 
b 33 = (1 + diY 1 )^ + d 2 Y 2 ) - 8 2 Y 1 diY 2 . 

It is easy to observe that X^i=i TT^ = ^ ( see a ^ so Lemma 2.1 of [27]). Moreover, as det U = 1, 
A Y = (I + VyY)- 1 . Then it follows from (2.16) that 

(2.18) boX(t,y) = (dy 3 Y 1 ,dy 3 Y 2 ,l + d y3 Y 3 ) T and A Y {b o X) = (0,0, if , 
from which, we infer 

(6 • V x b) o X(t, y) = [dw x (b ® 6)] X(t, y) 
(2.19) 

= Vy{A Y {boX)®(boX)]=dy,{boX)=d 2 y3 Y{t,y). 

Thanks to (2.15) and (2.19), we can equivalently reformulate (2.6) as 

f Y tt - Vy • V Y Y t - d 2 3 Y + V Y q = 0, 
V Y -Y t = 0, 



(2.20) 



Y\ t=0 = Y , Y t \ t=0 = u o X (y) = Yi, 
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where q(t,y) = (p + ||&| 2 ) °X(t,y) and Vy = AyV y with Ay = (&ij)ij=i,2,3 being deter- 
mined by (2.17). Here and in what follows, we always assume that ||Vyy||i,°o < 5- Under 
this assumption, we rewrite (2.20) as 



(2.21) 



(Y tt -A y Y t -dlY = f(Y,q), 
VyY = p(Y), 

Y\ t=0 = Y , Y t \ t=0 = Y 1 . 



where 

f(Y, q) =(Vy • Vy - A y )y - V Y q, 

p(Y) =V y ■ Y - I (Vy - V„) • yds 

(2 22) 

= - 5^ $1*6^' + J^ fty's,-!* - d 1 Y 1 d 2 Y 2 d 3 Y 3 - d 3 Y x d x Y 2 d 2 Y 3 

i<j i<j 

- d 2 Y 1 d 3 Y 2 d 1 Y 3 + d 1 Y 1 d 3 Y 2 d 2 Y 3 + d 3 Y 1 d 2 Y 2 d 1 Y 3 + Sijy^y 2 ^^ 3 . 

Here we used (2.17) and det (I + Vyo) = 1 to derive the second equality of (2.22). Indeed 
thanks to (2.17), one has 

(Vy - v y ) ■ Y t =j t (J2 diY'd^ - J2 d^djY 1 + d^d^dsY 3 

i<j i<j 

+ d 3 Y 1 diY 2 d 2 Y 3 + d 2 Y 1 d 3 Y 2 d 1 Y 3 - d^d^dtf 3 
- d 3 Y 1 8 2 Y 2 d 1 Y 3 - d^d^dsY 3 ^ 

= A( d et(/ + v 2/ y)-i-v,-y), 

which together with det (I + V^Yo) = 1 ensures the second equality of (2.22). Moreover, the 
equation V y ■ Y = p(Y) implies that det (I + V y Y) = 1 and Vy ■ Y t = 0. 

For notational convenience, we shall neglect the subscripts x or y in d, V and A in the se- 
quel. We make the convention that whenever V acts on (U, u,p), we understand (VU, Vtt, Vp) 
as (V X U, V x u, V x p). While V acts on (Y, q), we understand (VY, Vq) as (V y Y, V y q). Similar 
conventions for d and A. 

For (2.21)-(2.22), we have the following global wellposedness result: 

Theorem 2.2. Let 8l > § , s 2 G (-±, -|). Let (Y , Yi) satisfy (d 3 Y , AY ) G LP 1 D H S2 n 
g i,o n 5-1,0^3^ Fi e ^.1+1 n fjs 2 n gi,o n 5*1,0^3^ and 

(2.24) det (I + VY ) = 1, Vy • Yi = 0, and 



||Yo||^ Sl +2 ni j- S2 +2 + ||93Yo||^ S2 + ||yi||jj S i+i n jj S2 

+ H y o|l B §,o nBsl+2 ,o + H a 3Yo|l B i,o nBsl , + H y ill^,o nBsl ,o ^ £ 
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for some £q sufficiently small. Then (2.21) -(2.22) has a unique global solution (Y, q) (up to a 
constant for q) so that 

Y € C([0, oo); H S1+2 n iT 2+2 D b!'° n £ Sl+2 '°(IR 3 )) and 

d 3 Y g C([0, oo); iT 2 n S5>° n B S1 '°(R 3 )) n L 2 (K+; H Sl+1 n ii S2+1 (R 3 )), 

(2.26) y t g C([0, oo); ii si+1 n iT 2 D B^'° D £ Sl '°(R 3 )) D L 2 (R+; iT 1+2 n ii S2+1 (R 3 )) 
nL 1 (M + ;Sf'°n^ 1+2 ' (]R 3 )), 
Vq£ L 2 (R + ;H S1 n H S2 (R 3 )) (1 L 1 (R + ; H S1 nH S2 (R 3 )). 

Moreover, there hold det (I + VY) = 1, Vy • Y t = 0, and 

\\V\\2 _i_ \\f) V||2 _i_ I Iv ||2 _i_ lis) y||2 

II 2 HLf?(/pi+ 2 nH s 2+2) "r H^-f 111,00(^2) ^ ll-'*llL5?(i/ s i+ 1 ni/ s 2) "r H^s-f llL2,(H s i+i n i/ s 2+i) 

O 97"i 4- HYll 2 r 4- ll<%Yll 2 4- HYll 2 

V • i) II " L °°(B%'°r\B°i+ 2 - ) II 3 "L5?(Bi°nB s i.o) " *"i,i,(B£'°nB s H-2.o) 

_i_ lia y ||2 _|_ U-y ||2 _|_ ll-y- ||2 \ 

1- H (731 °ll B io nBsl ,o "•" H J °ll B io nBsl+2 , f H- fl ll B io nBsi , o ;- 

Remark 2.1. T/ie norm of \\ ■ ||s«,o is given by Definition 3.2. We should mention once again 
that the equation V ■ Y = p(Y) in (2.21) pto/s o fcey role in the proof of Theorem 2.2. In 
particular, we need to use this equation to derive the globally L l in time estimates of Vq and 
VY t , which will be crucial for us to close the energy estimates for (2.21)-(2.22). 

Scheme of the proof and organization of the paper. 

To avoid the difficulty caused by propagating anisotropic regularity for the transport equa- 
tion in (2.6), we shall first prove the global wellposedness of the Lagrangian formulation 
(2.21)-(2.22) with small initial data. 

Let (Y,q) be a smooth enough solution of (2.21), applying standard energy estimate to 
(2.21) leads to 

J t {\(W Y tW% + \\Yt\\Ui + II w*. + ii^iiw + \\\Y\\U») 

(2-28) - \(Y t | AY) tis } + Iliy.H^ + \\Y t \\l s+2 + ]\\d,Y\\\ s+1 

= (f\Y t -\AY-AY t ) A .. 

where (a | b)^ s denotes the standard H s inner product of a and b. (2.28) shows that d^Y 
belongs to L 2 (K + ; H S+1 (R )), however, there is no time dissipative estimate of AY. Therefore, 
in order to close the energy estimate in (2.28), we would require the source term / in (2.21) 
belonging to L 1 (R + ; H S (R 3 )). To achieve this, we need also the L l (R + ;B^ '° n # Sl+2 '°(R 3 )) 
estimate of Yj- Toward this, we shall use the dissipative estimates for d^Y as well as the fact 
that V • Y = p(Y) in a rather crucial way. 

In the first part of Section 3, we shall present a heuristic analysis to the linearized system 
of (2.21)-(2.22), which motivates us to use anisotropic Littlewood-Paley theory below, then 
we shall collect some basic facts on functional framework and Littlewood-Paley analysis in 
Subsection 3.2. 
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In Section 4, we apply anisotropic Littlewood-Paley theory to explore the dissipative mech- 
anism for a linearized model of (2.21)-(2.22). 

In Section 5, we present the proof of Theorem 2.2, and we present the proof of Theorems 
2.1 and 1.1 in Section 6. 

Finally, we present the proofs of some technical lemmas in the Appendices. 



3. Preliminary 

3.1. Spectral analysis to the linearized system of (2.21)-(2.22). We first investigate 
heuristically the spectrum properties to the following linearized system of (2.21)-(2.22): 




(3.1) 

Note that the symbolic equation corresponds to (3.1) reads 

A 2 + |e| 2 A + eI = for £ = (&,&) and & = (&,&). 
It is easy to calculate that this equation has two different eigenvalues 

,3.2) A ± = -gMEj. 

The Fourier modes correspond to A+ decays like e - *'^' . Whereas the decay property of the 
Fourier modes corresponding to A_ varies with directions of £ as 



4«1 



(3.3) A_(0 = ^ ->-l as |e|^oo 

only in the £3 direction. This shows that smooth solution of (3.1) decays in a very subtle 
way. In order to capture this delicate decay property for the linear equation (3.1), we shall 
decompose our frequency space into two parts: {£ = (£^,£3) : |£| 2 < 2|^| } and {£ = 

(&,&): |£| 2 >2|£ 3 |}. * 

This heuristic analysis shows that the dissipative properties of the solutions to (3.1) may 
be more complicated than that for the linearized system of isentropic compressible Navier- 
Stokes system in [12], and this brief analysis also suggests us to employ the tool of anisotropic 
Littlewood-Paley theory as in [22] for 2-D incompressible MHD system and [21] for a modified 
3-D MHD system, which has also been used in the study of the global wellposedness to 3-D 
anisotropic incompressible Navier-Stokes equations [7, 8, 9, 15, 16, 24, 25, 28]. One may check 
Section 4 below for the detailed rigorous analysis corresponding to this scenario. 

3.2. Littlewood-Paley theory. The proof of Theorem 2.2 requires a dyadic decomposition 
of the Fourier variables, or the Littlewood-Paley decomposition. Let us briefly explain how 
it may be built in the case x € R (see e.g. [2]). Let (p and \ be smooth functions supported 

in C = f {r£l + , f < r < §} and B d = {r GR + , t < §} such that 

Y^ ¥>(2~ J V) = 1 for r > and X (t) + ^ <p(2~ j r) = 1 for r > 0. 
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For a £ S'(R 2 ), we set 

A h k a t f 7-^(2-^1)2), S h k a A MF- l ( X (2- k \i h \)a) 1 

(3.4) A?atV- 1 (^(2-^3|)a), 5> t f J-i( x(2 -^ 3 |)a), and 

AjO^^-^^-J^Do), S ja A M T-\ X {1- J \i\)a), 

where J-a and a denote the Fourier transform of the distribution a. The dyadic operators 
satisfy the property of almost orthogonality: 

(3.5) AfeAj-a = if \k-j\>2 and A fc (Sj_iaAj&) = if \k-j\>5. 
Similar properties hold for AJJ and A*. 

Definition 3.1. [Definition 2.15 of [2]/ Let (p,r) £ [l,+oo] 2 , s £ R and u £ S' h (R 3 ), (see 
Definition 1.26 of [2]), which means u £ S'{R ) and limj^-oo ||x(2~ J D)u\\ L°° = 0, we set 

n n def ( niiu \ w \ 

Hr. = 2J \\ A j u Wlp) • 

• For s < f- (or s= 3 - ifr = 1), we define B'JR 3 ) d = \u £ S' h (R 3 ) I lldU, < oo). 

• Ifk£N and ^ + k-l<s<^ + k(ors = ^ + kifr = l), then _B^ r (lR 3 ) is defined as 
the subset of distributions u £ S' h (R 3 ) such that d^u £ Bp~ k (R 3 ) whenever \/3\ = k. 

Inhomogenous Besov spaces Bp r (M. ) can be defined similarly (see Definition 2.68 of [2]). 

For simplicity, we shall abbreviate £|,i( r3 ) ( res P- B 2,i(M 3 )) as B S (R 3 ) (resp. B S (R 3 )) in all 
that follows. 

Remark 3.1. (1) It is easy to observe that Bl 2 (R 3 ) = H S (R 3 ). 

ii e t. 



(2) Let (p,r) £ [l,+oo] 2 , s £ R and u £ S'(R 3 ). Then u £ B^ r (R 3 ) if and only if there 
exists {cj, r }jez such that \\cj, r \\£ r = 1 and 

\\A.ju\\lp < Ccj tr 2~ JS \\u\\g s for all j £ Z. 

(3) Let s,8i, s 2 £» with 8! < s < s 2 and u £ H S1 nH S2 {R 3 ). Then u £ B s (R 3 ) , and there 
holds 



(n n\ II II ^ II II s *?~ s ~\ II II s 9 — s 1 ^ II I i II II 

(3-6) ||u||jj. < IMI^ l|M||^. a % I|w|Ih-i + \\ u \\h-"i- 

For the convenience of the readers, we recall the following Bernstein type lemma from 

[2,9,24]: 

Lemma 3.1. Let Bh (resp. B v ) be a ball of R 2 (resp. R), and Ch (resp. C v ) a ring ofR 2 
(resp. R); let 1 < p 2 < Pi < oo and 1 < q 2 < qi < oo. Then there holds: 
If the support of a is included in 2 Bh, then 

\\d>\\ L l HL ^<2< lal+ <^-^))\\a\\ L?iLll) , for d h = (d 1 ,d 2 ). 
If the support of a is included in 2 B v , then 

II^IIl'W) £ 2^ + ^-t)) ||a|| L P 1(L?) . 
If the support of a is included in 2 k Ch, then 

\\r.\\ < r >- kN \\f) N r. 1 1 



GLOBAL SMALL SOLUTIONS TO 3-D INCOMPRESSIBLE MHD TYPE SYSTEM 13 

If the support of a is included in 2 e C v , then 

ii II < o-MTnoiV i| 

In order to obtain the L 1 (M + ;Lip(M )) estimate of Yt for the linearized equation (3.1), we 
recall the following anisotropic Besov type space from [21, 22]: 

Definition 3.2. Let s±, «2 G K said u G S',(M. ), we define the norm 

||u|| B .i,.2 = f ^ 2JSl2fcS2 H A i A fe u lli 2 - 
j,fcez 2 

Then we have the following three dimensional version of Lemma 3.2 in [22]: 

Lemma 3.2. Let si,S2,ti,T2 G M, which satisfy s± < t\ + T2 < S2 and T2 > 0. Let a G 

^pi ni^ s 2(M 3 ). T/ien a G S n ' r2 (IR 3 ), and there holds 

ll a lle r i' T 2 < IHI^T-L+ra < ||a||^ Sl + ||a||^ S2 . 

Proof. By virtue of Definition 3.2 and the fact: j > k — N$ for some fixed positive integer Nq 
in dyadic operator AjA^, we infer 

||a||B™ = E 2^2^||A,A]!a|| L2 <E2^||A J a|| L2 £ 2**> 

j.fcGZ 2 J'GZ k<j+N 

k<j+N 

<^2^+^)||A j a|| L2 <||a||^ 1+ r 2 , 

which together with (3.6) completes the proof of the lemma. D 

In order to obtain a better description of the regularizing effect for the transport-diffusion 
equation, we will use Chemin-Lerner type spaces L { ^(B^ r (M 3 )) (see [2] for instance). 

Definition 3.3. Let (r,q,p) G [1, +oo] 3 and T G (0, +oo]. We define the L^(B^ r (R 3 )) and 
Z^(£ S1 ' S2 (]R 3 )) by 

IU, II — f f\ y oi rs ll A o,ll r \ r IU.II —' \ y 9J s l9 fc s 2 |IA A v „,\\ 

INIZ*(Bj iP ) ~ [Z^ 2 \\ A J U h« T (LP)) > II U IIZ«(B'1.'2) - 2^ 2 2 H A i A fc U H^(L 2 )' 

jez j,feez 2 

m£/t £/ie usual change if r = oo. 

Remark 3.2. T/ie proof of Lemma 3.2 ensures that 

( 3 - 7 ) H W IIZ|,(iB T i. T 2) ~ ll U IIZ 2 ,(B T l+ r 2) ~ W u Wl^(H s i) + II u IIl2(h»2)) 

for Ti,T2 and Si,S2 given by Lemma 3.2. 

We also recall the isotropic para-differential decomposition of Bony from [3]: let a,b G 
S'(M 3 ), 

ab = T(a, b) + lZ(a, b), or ab = T(a,b) + T(a,b) + R(a,b), where 

T(a,b) = y Sj-iaAjb, T(a,b) = T(b,a), 1Z(a,b) = > ^ AjaSj + 2b, and 
(3.8) iez jez 

i+i 
R(a, b) d = E AjCtAjb, with Ajfe d = ^ A £ 6. 
j& e=j-i 
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Considering the special structure of the functions in £> S1,S2 (R ), we sometime use both isen- 
tropic Bony's decomposition(3.8) and (3.8) for the vertical variable X3 simultaneously. 

As an application of the above basic facts on Littlewood-Paley theory, we present the 
following product laws in space B S1,S2 (M. ). 

Lemma 3.3. Let Si,S2,ti,T2 G R, which satisfy S\,S2 < 1, ti,T2 < \ and si + S2 > 0, 

n + r 2 > 0. Then for a G £ Sl > ri (IR 3 ) and b G £ S2 > r2 (M 3 ), a& G B S1+S2 -^ T1+T2 -^(R 3 ) and there 
holds 

(3-9) ||a6|| gsl+S2 _ liT1+T2 _i < ||o||b.i,ti||6||b«2.t2. 

Proof. The proof of this lemma is identical to that of Lemma 3.3 in [22], we omit the details 
here. □ 

Lemma 3.4. Let 5 G [0, 5), s\ < § — 5, S2 < 1 + <5 and si + S2 > 5- Then one has 

\\ab\\ B3i+32 _^ < ||o||^. 1 ||6|| B . a -M- 

Proof. By virtue of Lemma 3.2 and Lemma 3.3, we have 

||a&|l BS1+S2 _3 i0 < ||o|I bs1 -1+5,1-«||&|Ib s 2-m < Hall^JIfeUgsa-M. 

This completes the proof of the lemma. □ 

Remark 3.3. It follows from Lemma 3.3 and Lemma 3.4 that 

I|a6|| » s ,o < ||a|| ■ 3 ||6||hs,o, and I|o6||ks,o < ||a|| . 5 ||6|| . „, 1 for —l<s< L, 

11 no rvj 11 iigjii no > 11 no ~ 11 n B3 11 n B H- 3 J — ' 

\\ ab h s '° ^hW^WHB^ 1 f or -i<«<i- 

Lemma 3.5. For any s > — 1, there holds 

\\ab\\ B s,o < ||a|| .3||6|| B .,o + ||6|La||o|| B .,o, 
(3.11) 

||a6||«s,o < ||a|| . 3 ||6||hs,o + ||6||ri,o||o|| . 1, 

II \\U ' rs-/ II linn II \\U ' ' II \\ & ' II ll»3 S !^' 

and 

(3-12) \\ab\\ B s,o < ||o||^3_ 5l ||6||b«+«i + \\ b \\^-s 2 II«II j b-+^» > 

for«5i,<5 2 G(0,i). 

Proof. We first get, by using Bony's decomposition (3.8) and (3.8) for the vertical variable, 
that 

(3.13) ab=(TT v + TT V + TR V + f T^ + TT° + TiT + tfT^ + RT V + UK") (a, b). 

We shall present the detailed estimates to typical terms above. Indeed applying Lemma 3.1 
gives 

||A,A£(TZr(a,&))|| L2 <2! £ || 1 S' i ,v_ 1 A^a|| L « (L j ) ||A J vA^6|| L2 

|j'-j|<4 
fc'>fc-JV 



< 2l ^ d^2-j"-2-T||o|| Bli i||6|| B .,o <a^2^ia|| B| |H| Bs ,o, 

k'>k-N 
k' 

as \\ S ji ^1 A^aW 100 / L 2\ < 2 a~ 1 1 ct 1 1 1 1 . Similar estimate holds for AjA^(TR v (a,b)). 
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Along the same line, we have 

||A,A^,(i?^(a,6))|| L2 <2^l £ ||A i ,A};,a|U a ||A J vA&&|| L2 

i'>j-N 

k'>k-N 



<V2* £ d i ',fc'2-^-+ 1 )2-^||o|| ljl , 4 ||6||B..o 



i'>j-N 

k'>k-N 

< d,-fc2 _JS ||a|| . 3 ||6||rs,0 

r^j J,r^ II II otj II ll£> 

due to the fact: s + 1 > 0. The estimate to the remaining terms in (3.13) is identical, and we 
omit the details here. 

Whence thanks to (3.13), we arrive at 

\\AjAUab)\\ L 2 <^- fe 2-^(||a|| Bf \\b\\ B , fi + \\b\\^s \\a\\ B ,,o), 

which implies the first inequality of (3.11). Exactly along the same line, we can prove the 
second inequality of (3.11). Finally notice from Lemma 3.2 that B2~ 5 (R 3 ) ■— > B 1 '2~ S (R 3 ) 
and B S+8 (R 3 ) ^ B S ' 5 {R 3 ) for S € (0, ±), the proof of (3.12) is identical to that of (3.11), we 
omit the details here. This concludes the proof of Lemma 3.5. □ 

4. L}p(B s+2fi ) ESTIMATE OF Y t FOR S = \ AND S > 1 

4.1. The estimate of ||i*||x,i (Rs+2,cn for the linearized system (3.1). 

Proposition 4.1. Let Y be a smooth enough solution of (3.1) on [0, T\. Then for any s€R, 
there holds 

\\ Y t\\z°°(B<>' ) + II^3^IIl«>(B».0) + II^HZf?(^+ 2 >«) + II^IIli,(B s +2,0) 

+ II^3^IIl2(B s + 1 .°) ~ II^iIIb 8 - + II^3^o||k^o + ||Y ||rs+2,o + ||/||tL(R»,0)- 
Proof. We first get, by applying AjA k to (3.1), that 
(4.2) AjAtYu - AAjAtY t - dlA^Y = A 3 A v k f. 

Taking the L 2 inner product of (4.2) with AjA^Yj gives 

1 d 
2dt 
While taking the I? inner product of (4.2) with AAjAj^Y leads to 

{A 3 A\Y tt | AA^F) - i|||AA,A^||| 2 - ||5 3 VA,A^||| 2 = {A 3 A\f | AA 3 A\Y). 
Notice that 

(AjAlYu | AAjAlY) = j^Al^t I AA,A£Y) - (A.A^ | AAjA%Y t ), 



(4.3) -- ||A,A^||i 2 + \\dsAjAlYWlA + \\V A, AlY t \\% = (A,A£/ | A,A^) 



so that there holds 

{AAjAlYlitz-iAjAlYt \ AA 3 A v k Y) 



— (-WAA.AVVWl. 



(4.4) dt\2> 

- \\VA s A%Y t \\i> + ||a 3 VA,A^||| 2 = -(AjAlf | AA.A^F). 
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(4.3)+±(4.4) gives rise to 

"l9Ut) + ^||VA,A^||i 2 + 1||9 3 VA,A^||| 2 



(4.5) dV 



where 



{AjAlf \ AjAlYt-^-AAjAlY), 



gl k (t) t f I(|| A ,A^(t)||i 2 + \\d 3 A 3 AtY(t)\\l 2 



+ i||AA,A^(t)||| 2 ) - \{AjAlY t (t) | AAjAlYit)). 



It is easy to observe that 



(4.6) gl k (t) ~ WAjAXYtWWh + WdaAjAlYWWh + \\^j^ v k Y{t)\\h- 

With (4.5), (4.6), according to the heuristic discussions in Subsection 3.1 and similar to that 
in [21, 22], we shall separate the analysis of (4.5) into two cases: one is when j < —5—, and 
the other one is when j > — ^— . 
Case (1): j < —^-- In this case, we infer from Lemma 3.1 and (4.6) that 

gl k (t) ~ ||A,A^(t)||| 2 + \\d,A 3 AlY(t)\\h, 
and 

||VA,A^ t (t)||i 2 + ||a 3 VA,A^(t)||i 2 

> c2^(||A j A^(t)||| 2 + ||a 3 A,A^(t)||| 2 ) > d&gj^t), 

from which, for any e > 0, dividing (4.5) by gj,k(t) + e, then taking e — > and integrating 
the resulting equation over [0, T], we obtain 

l|AjA^r t || L =o (L2) + II^AjA^rHico^) + IIAAj-A^yiUco^) 

(4.7) + C 2^(||A,A^||^ (L2) + WdsAjAlYW^^) 

< ||A,A^|| L2 + ||5 3 A,A^y || L2 + WAjAlfW^y 

Case (2): j > — ^— . Notice from Lemma 3.1 that in this case, one has 

g 2 hk (t) ~ \\AjAlYm\h + ||AA,A^(t)||i 2 , 
and 

||VA j A^(t)||| 2 + ||a 3 VA j A^y(i)||| 2 

c\2k c\2k 

> c w (\\A 3 AlY t (t)\\l 2 + ||AA,A^y(t)||i 2 ) > c w gl k (t), 
from which and (4.5), we deduce by a similar derivation of (4.7) that 

||A,A^,y|| L??(L2) + ||a 3 A,A^y|| L? o (L2) + ||AA,A£,y|| L? o (L2) 
i 2k 

( 4 - 8 ) +c w (||A,-A^||^ (L2) + ||AA,A^y||^ (L2) ) 



< HA.-A^lUa + HAA.A^yoll^ + ||A j A^/|| L i 



(L2)- 



On the other hand, standard energy estimate applied to (4.2) yields that 

~\\AjAlY t {t)tfv + l|VA,A^y(t)||i 2 = {dlA 3 A v k Y + A.Alf | A,A^ t ), 
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from which, Lemma 3.1 and (4.8), we infer 

||A,-A^|| L o ?(L2) + c2 2 ^||A J -A^|| Ll(L2) 
(4.9) ^ l|A,A^|| L2 + C(2 2k \\A J AtY\\ L}r{L2) + ||A,A£/|| lMl2) ) 

jfe + l 



<\\A j A%Y 1 \\ L 2 + \\AA j AlY \\ vt + \\A j Alf\\ LlALa) for j> ^ 

Therefore according to Definitions 3.2 and 3.3, we get, by summing up (4.7), (4.8) and 
(4.9), that 

< || Yi Hgs.o + ||5 3 Y"o||b^o + ||lo|| e «+2,o + ||/||i,i,(e*,o). 
On the other hand, it follows from (4.5) that 

||9 3 VA,A^y||^ (L2) < ||A,-AX/|| L i, (L2) + ||A,A£Y t || L??(L2) + ||AA,A£Y|| L??(L2) , 
so that 

II^^IIlK^+lo) ~ 11/11^(8*'°) + \\ Y \\l^(b°'°) + \\ Y Wl^(b s + 2 '»)i 
which together with (4.10) concludes the proof of (4.1). □ 

4.2. L l T (B sfi ) estimate of f(Y,q) given by (2.22). 

Proposition 4.2. Let (Y, q) be a smooth enough solution of (2.20) (or equivalently of (2.21)- 
(2.22) J on [0, T] with the initial data (Y , Y{) satisfying det (I + VY ) = 1 and Vy ■Y 1 =0. 
If we assume moreover that 

(4.11) j|VY|| , .3 <c and (\\Y\\ ,., + 8 N + ||Y|| ,..+ 3 x )^,<l 

for some cq sufficiently small. Then there holds 

(4-12) IIVsILl.^ < 11*11^4,11*11^+4) + II^II^^IIWI^-^ 

if < s < 1, and 

IWI^, <||y«|l^ (s4) + \m% 0h + INI^, +i) 

Here and in all that follows, A s = B s + (C s ) s >s means A s = B s if s < sq and A s = B s + C s 
if s > so- 

Proof. By virtue of (2.20), we get, by taking dt to Vy ■ Y t = 0, that 

(4.14) Vy • Y« = -dt-AyV ■ y t . 

Note that for cq in (4.11) being so small that 

||VY|| LO o rL o^ < C\\VY\\ .3 < Cc Q < -, 

X(t,y) determined by (2.15) has a smooth inverse map X _1 (t, x) with X(t,X" 1 (t,x)) = 
x and X -1 (£,.X"(t,y)) = y. Moreover, as det (I + VYo) = 1, we deduce from (2.23) that 
det (I + VY) = 1, which together with Vy ■ Yj = ensures that 

Vy • (Vy • Vyy t ) = [V, • A x (Y t o X~ l (t,x))} X(i,y) = Vy • Vy(Vy • Y t ) = 0, 
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from which and (4.14), we get, by taking Vy to the first equation of (2.20), that 

Vy • V Y q = dtA^V -Y t + V Y - d$Y, 
or equivalently 

Aq = - (Vy - V) • V Y q - V • (Vy - V)q + d t A Y V ■ Y t + Vy ■ d$Y 

= - V • ((Ay ~ I)A Y Vq) - V • {{Al - I)Vq) + V • (d t A Y Y t ) + Vy • 8$Y, 
from which, Lemma 3.1 and Definition 3.2, we infer 

i HVgll^^.o) <\\{A Y - I)A^Vq\\ L i T(Ba , 0) + \\(A Y - I)Vq\\ LUB s, 0) 

+ \\dtA Y Y t \\ L i T{B sfi) + || Vy • d^Y\\ L ^ Ba -i,oy 
Applying (3.10) and (2.17) gives for < s < 1 

\T 7-\V7„ll , \\t A T\ \T 



(A Y - I)Vq\\ L i T{Bs , 0) + \\(A Y - I)A Y Vq\\ L i T{Bsfi) 

< (Uy ~ I\U (ih + \\(Ay - I)Al\\ L ^ Bh ) llVgll^^o) 



<(l + |Vy|| ,.sJ 3 ||Vr|| / .sJ|Vg|| L irs.,oi, 
and 

^( 1+ ll W ll^( B §))ll Vyi ll^(Bl)ll y *ll^(B-l)- 

While thanks to (2.17), (2.21) and (2.22), a tedious yet interesting calculation shows that 

(4.17) Vy • dlY = V • ((Ay ~ I)dlY) + 8$p(Y) = Q(Vd 3 Y, V8 3 Y, VY), 

where Q(Vd 3 Y, Vd 3 Y, VY) is a linear combination of quadratic terms like d^d^Y 1 d^d^Y 1 and 
cubic terms like d p Y q d 3 diY J d^d^Y 1 . Then applying (3.10) to (4.17) ensures that for < s < 2 

HVy • flgy ^(B-M) <\\(I + VY)d 3 VY\\ L2T {b1) \\d 3 VY\\ L2T ( . s _ f) 

Thus for < s < 1, resuming the above estimates into (4.16) gives rise to 
l|Vg|| L i f««,(M <(l + ||Vr|| , •sjYllVll ,.sJ|Vg||ri f «,.,(* 



+ inl , A *,r*L a ,*.+*, + nw ra , 6 * ji^i 



. i 



[ L 2 T {Bi)"~""L 2 T {B s+ ^) " d "l^bS)" d n L 2 T (B s+ T)l' 

which along with (4.11) implies (4.12). 

On the other hand, we get, by applying (3.11) and (3.12), that for s > 1 

\\(A Y - I)Vq\\ L i T p., 0) + \\(Ay ~ I)A Y Vq\\ L i T p., 0) 

\T T\\ . , 11/ A.. T\ AT\ 



(4.19) ( T T 



^( 1 + l' Vy llL ?? (Bi)) 3 (ll Vy llL §? (Bi)ll V ^l^(^) + ll W ll^(B-l)ll V ^l^(^))' 
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and 

\\d t A Y Y t \\ L , T{B3 , 0) £ll^y|| ^IMI +i) + H^H^+^ll^ll^i) 



(4.20) ^( 1 + ll VF ll^(Bi) + ll Vr ll^(B^))U |Wt|l L|(Bl)ll F *l^^) 

+ (ll Vy 'IW( B i) + ll W *ll^(B- 4 ))^H^I) 

Moreover, applying (3.12) to (4.17) leads to 

IIVy-fliy||^ ( B.-,o ) <||(/ + vy)flbW||^ S) ||flbvy|^_ i) 

+ ||(/ + VY)d,VY\\ L% { . s _ h \\d, VY\\ LU . ly 
however, by applying Bony's decomposition (3.8), one has 

\\(i + vY)8 3 vY\\ L2T(B8 _ h < (i + livyii^^piiflbvyii^^.^ 

+ ^n LnBS+i) \\dsVY\\ L2T(Bhy 

so that for s > 2, we achieve 



lIVy ■ mUl («-..») S(l + l|V>'ll L?(rf) + ||F|| 1?( ., +J) 



T (Bf) ' " " "L 2 T (B^) ' " " "L2,(B s+ i) 



Whence plugging (4.19), (4.20), (4.18) and (4.21) into (4.16), we obtain 



UVgll^o) <(1 + ||VF|| h ) a ||Vr|| .3 .||Vg|| L , (Bs ,„) 



L^{B^)> V "L°?(B2)' 

+ 11^11^^8)1^911^(51.0)) + (i + iiwii^^j + rii^^ij) 

|y ||2 _|_ ||y||2 _i_ ||y ||2 

1 *"l|(bI) " * H L?,(bI) " '"L2,(B s +f) 

+ llftill^, + ll* y ll^rf, + ll* I 'llU(^*)) for s>1 ' 

which together with (4.11) and (4.12) implies (4.13). This completes the proof of Proposition 
4.2. □ 

Corollary 4.1. Under the assumption of Proposition 4.2, one has 

(4.22) IIVoll . i < \\YA\ 2 , + ll&Yll 2 , . 

Proof. We first deduce from (4.15) that 

I'^I'li (Bi) ^^ " ^^IW (Bi) + "^ " ^IIlJ. (Bi) 



11 "Li B3 M r d "ri B"3 



, T (B3) " o "Li.(B-3) 

It follows from product laws in Besov space (see [2] for instance) that 

\\iA Y -I)AlV q \\ LlT{Bh + \\{Al-I)V q \\ LlT{Bh 



<(l + ||VY|| / -3 N ) 3 ||Vr1| .3 JlVdl ,,.i x , 

~ v L^(B^) 1 " "L°°(B?)" y|l Li,(B2)' 



2 
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and 

^ AYYt huBh ~ II^Hz4(W |yt|1 ^) ~ (1 + ^ n L ¥{ Bh^ Yt \l(Bi) 

Along the same line, we deduce from (4.17) that 

"^ '*1 4( ri, 5 IIQ(va,r,v<%y,w)tl lwlS _ 4) 

< ||(/ + vyjvftrn^^livw^,, < (i + l|vr|| iy( . §) )|| 83 r||^ ( . iy 

Resuming the above estimates into (4.23) leads to (4.22). □ 

Proposition 4.3. Let s > 1, and f(Y,q) be given by (2.22). Then under the assumptions 
of Proposition 4.2 and 

(4.24) ll* r |U|?(B»+2.o) < 1, 

one has 

( 4 - 25 ) 

+ V(7 ,1 / Rs .0\ + M* . , • 5 , ( \\Y\\ T,oo(K>s+2,0\ + Vy .3, 

II <±\\L T (B <») II tn Li,(B3) V" IU/ t( b > " ll L5?(B2) / 

Proof. Thanks to (2.22), we split f(Y,q) as follows: 
f(Y,q) = f(Y)+~f(Y,q), with 

( 426 ) - dcf ~ def 

/(y) = (Vy • Vy - A)Y t and /(y, g) d ^ -Vy?. 

As f(Y, q) = -(A T - J)V? - V?, by virtue of (2.17), we deduce from (3.10) and (4.11) that 

ii/(y?)ii L , (B ,, 0) <(i + P T -/|i L . (B 3)iiv?ii , 

(4.27) T ^ T 2 



< (i + [|vy-|i _ .aj ||v?|| rl ,, <||v?|| rl 



,00 



and for s > 1, we infer from (3.11) and (4.11) that 

ll/(^9)llLi,(B..o)<M T -/|l LS?( ^ 3) l|Vg|| L i, (B .,o ) 

+ "^ " / ll i |?(B'+i)ll V9 ll L T(« 1,() ) + ll V 9ll^(B'' ) 

(4.28) ^(l + l|Vy|| , •ajfllVyil , • 3 J|V?|| 7-1^,0^ 
v I ~ v L™(B?)'V l M L°?(B2) M *"-M B ' ) 

+ llVyil^^+^IIVgll^^i.o)) + ||V?|| L i, (Bs ,o) 

^11^11^(^,0) + l|V?||^ (Bs ,0), 

where in the last step, we used the trivial fact that 

(4.29) (MIbm ;$ Holle*!.* + ll a lle s 2.' 5 f° r an Y s £ [-51,52]- 
On the other hand, notice that 

3 f (y) = (Vy - v) • v y y? + v • (Vy - v)y/ 

= V • [{Ay ~ 1)A$VY* + {& - I) V^] , 
which leads to 

(4.3i) ||/(y)||^ (B M) < \\{a y - i)A^VY t \\ L i T{Bs+h0) + \\(a$ -/)vy t || L i, (B . + i,o ) . 



GLOBAL SMALL SOLUTIONS TO 3-D INCOMPRESSIBLE MHD TYPE SYSTEM 21 

Whereas according to (2.17), we get, by applying (3.11), that 
\\{Al -I)VY t 11^(^+1,0) 

~ 11 ^ - /|l L-(Bi) l|Wt|l ^(^ +1 '°) + My- / ll^(B' +1 ' )ll Vy *ll L i, ( B§ ) 



<(1+||VY|| . 3 ) IIVFII .3 \\Y t \\ T i ma +2^ + \\Y t \\ , .5\\VY\\ L oo (B s + l,0))- 

Along the same line, and thanks to (4.11) and (4.24), we have 

|| (^y - I)A$VY t \\ LUB . +ll0) < IIVFII^^^H^II^^^o) 

+ livit|| w3,fl|VF|| , .3 , + ||vy|| L oo/R S +i,o> 

Resuming the above two estimates into (4.31) gives rise to 

ll/(i r )llL5.(B..o)<l|vr|| LS?( ^ ) ||y t || L i. (fl .^o ) 

+ IIYII w« fl|Vy|| -3 + ||y||roo fBs+ 2,cnY 

which together with (4.27) and (4.28) ensures (4.25). This concludes the proof of Proposition 
4.3. □ 

4.3. L^(£ S+2 '°(IR 3 )) estimate of Y t for s = § and s > 1. 

Proposition 4.4. Lei s > 1, then under assumptions of Proposition J^.2 and 

(4.32) l|y||L5?(B s + 2 . ) < c o, 

for some cq sufficiently small, we have 

" t ''L^(B^°nB^°) " 3 "L^(B?'°nB s ' ) " "L™(B?' nB s + 2 ' ) 



,(B^-°nB s + 2 - ) " d ll L|(B2'°nB s + 1 ' ) 
(4.33) ~ ll yi H B ^ ne^ + ^ d3Y °Kl°nB^ + " y °"ef ■ ns«+2.o + "^"^(bI) 

_i_ IIV ll^ i llvl|2 _j_ 11/) Vl|2 I II a vl|2 



+ \\d 3 Y\\Z<+\\Y 



L2?(B«+ 2 >0)- 



Proof. Thanks to Propositions 4.1 and 4.3, we conclude that for s > 1, 

" '"Z5?(B2'°n2? s .°) " 3 "Z™(Bi' Q nB s > (> ) " "Z% , (B?'°nB s + 2 - a ) 



_i_ ||y II _i_ l\a y || 

" * N i,i,(B2' nB s + 2 . ) " 3 ll L2,(Bf-°n^+ 1 > ( ') 

ll y l|l jB i,o nB .,o + H 5 3>o|l B i,o nSs , + ro|l B |,o nS3+2 , + HVgll^^i.oj 

+ HVgll^^o) + ||vy || L (J ^ } II^IIli,(b«+2.o) 

+ nyii 1 , ■5^i|y|i/-° c i'Bs+2.o<i + iivyii , . s,V 
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which together with (4.11), (4.32) and the fact that ||Y*|| , .5 < 111* II , 5 „ ensures that 

6 \ /l \ J II *H L 1,( S 3) ~ II t ^L) r (B 7 i' ) 

" *"Z5?(B2'°nS 3 .°) " 3 "Z5?(B2- nB s .°) " "Z5?(B2'°nB s + 2 .°) 
+ " *"Li,(Bi (, ne s + 2 .o) + " 3 "z|(B2.°niB»+i.o) 

~ H^llleio^^o + H^lollgi.o^^o + ll y o|l B 5 i0nBs+2() 
+ 11^11^^.0) + ll V 8ll^(«- )- 

Hence applying Proposition 4.2 gives rise to (4.33). This complete the proof of Proposition 
4.4. □ 



5. The proof of Theorem 2.2 

5.1. A priori estimate of (2.20) . The goal of this subsection is to present the a priori energy 
estimate to smooth enough solutions of (2.20). 

Lemma 5.1. Let Y be a smooth enough solution of (2.21)-(2.22) (or equivalently (2.20)) 
on [0, T]. Then there holds 

II A Vll^ _i_ II V7 A Vll^ _j_ 1 1 >3 A V\\2 1 II A A Vll^ 

11^.?** II L!^(L 2 ) + H VZA J r *llL5?(L 2 ) + W ^] 1 Hl5?(L 2 ) + II^^J* llL5?(L 2 ) 



+ HVA,y||^ (L2) + ||AA,y t ||^ (L2) + ||a 3 vA,y||^ (L2) 
t 5 - 1 ) < HAj-riiila + HVAj-Yiiila + HQA-yollia + l|AA,y |li 2 

+ l/ T ( A ^ I A ^ - \ AA 1 Y - AA ^) dt ■ 

Proof. Applying Aj to (2.21) gives 

(5.2) AjY tt - AAjYt - S%AjY = A,/. 

Taking the I? inner product of (5.2) with A^y — ^AA^y — AAjYt, we get, by a similar 
derivation of (4.5), that 

|{i(||A,y||| 2 + ||VA,y||| 2 + II^A-yul. + \\d 3 VA jY \\l 2 + ^||AA,y||i 2 ) 

(5-3) - \{A 3 Y t I AAjY)} + ^||VA,y||| 2 + \\AA,Y t \\h + ^3VA,y||| 2 



{Ajf I AjYt-^AAjY - AAjY t ). 



However, as 



l(\\A,Y t \\ 2 L2 + ||VA,y ||| 2 + WdsAjYWl, + \\daVAjY\ll, + ±||AA,-y||£ a ) 

- ±(AjY t I AA,y) ~ ||A,y t (t)||| 2 + ||VA,y||i 2 + ||a 3 A,y(t)||| 2 + ||AA j y(t)||| a) 

by integrating (5.3) over [0, T], we obtain (5.1). D 

To deal with the last line of (5.1), we need to estimate the f(Y, q) given by (2.22). Toward 
this, we first deal with the the pressure term in (2.21). 
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Lemma 5.2. Under the assumptions of Proposition J^.2, for any s > — \, one has 



I|V?(*)||h. <im*)llH. +2 ||Vg(t)|Li + \\Y t (t)\\.s\\Y t {, ms+1 



'B? " v /M B2 



(5 ' 4) + \\Y(t)u s+2 {\\Y t (t)\\ 2 .s + iifty(*)ii^) + iifty(t)ii Ai \\d 3 Y(t)\\ HS+1 , 

for allt € [0,T]. 

Proof. For any t £ [0,7"], we deduce from (4.15) that 

\\Vq(t)\\Hs <M*y - T)A$Vq)(t)\\*. + M(A ~ WQ)<t)\\fi. 



(5 ' 5) + \\(d t A Y Y t )(t)\\Hs + ll(Vy • ^)(*)||^-i. 

By virtue of (2.17), we get, by using Bony's decomposition (3.8), that for any s > — ~ 



2' 

||((.Ay - I)A$Vq)(t)\\A. + IK(^Y - WQ)<t)U. 

<(i + ||vy(t)||^) 3 (||vy(t)yi|v g (t)|lH. + llvn*)ll^ + illv?(t)||^ i 

and 

IK^^iyyi)(t)ll^. <(i + ||v^(t)||^)||yi(t)||^ § ||yi(*)llj. + i + livi-(*)ll^ + ill^(*)ll^- 

Along the same line, due to (4.17), we obtain for any s > — ^, 

||(Vy ■%Y)(t)\\ 6 .- 1 < \\Q(Vd 3 Y,Vd 3 Y,VY)(t)\\Hs-i 

< ||((/ + VY)d 3 VY)(t)\\ B i \\d 3 Y(t)\\H^ + \W + VY)d 3 VY)(i)||^ \\d 3 Y(t)\\^ 

<(i + ||vy(t)y)||^r(t)y||^r(t)||^ +1 + ||y(t)||^ +2 ||^y(t)||| § . 

Resuming the above estimates into (5.5) and using (4.11) ensures that for any s > — i, 
II Vg(t)||^ <||VY(i)|y \\Vq(t)\\H' + \\VY(t)\\ HS+1 \\Vq(t)\\^ + \\Y t (t)\\^s \\ Y t (t)\\ H ^ 
+ r(i)ll^ +2 (ll^)ll^3 + \\d 3 Y(t)f.s) + \\d 3 Y(t)\\.t\\d 3 Y(t)\\ As+1 , 
for any t € [0, T], which together (4.11) leads to (5.4). □ 

Lemma 5.3. Under the assumptions of Proposition 4-2, for any s > — ^, we have 



|^(>-,^)||^^ c ^ s) <||^||^^ ( ^ s + 2) CH^^N^^^i) ^ ll^llx.^c^^) "^ ll^llx.^c^^) 11 ^ 11 ^^^^) 



(5.6) + ^ Y ^L ¥ {Bh^ n Ll(Bi)) + ™L ¥ (Bh llYtllL T(fI s+1 ) 

+ ll* y ll L? (B*)ll* y lli4(*' +1 ) + H vy ll L?? (Bi)ll y *ll^(^ +2 ) 

and /or — i < s < i 



2 ^ ° — 2 ! 



(5.7) 



2 



+ "*%<*» )) + H y ll^(,l)ll y ll^(— ) + IIW^^II^IIll.^)- 



Proof. According to (4.26), we split the estimate of f(Y,q) into that of f(Y,q) and f(Y). 
• Estimates on f(Y,q) = — Vyg. 
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Thanks to (2.17), we get, by using product laws in Besov spaces ([2]), that s > — ^, 

\\f(y,Q)(t)\\Hs<(l + \\VY(t)\\ B s)(\\VY(t)\\^\\yQ(t)\\Hs 

+ \\VY(t)\\ Hs+1 \\Vq(t)\\^) + \\Vq(t)\\ Ha 

which along with (4.11) implies that for any s > — ^, 

(5-8) ff(Y,q)(t)\\H. $ HV(Z(t)||^ + \\Y(t)\\ A , + 4Vq(t)\\ 6 l- 

• Estimates on f(Y) = (Vy • Vy - A)y. 
It follows from (4.30) that 

Il/(i0(t)lljj. £ II K^ " I)AlVY t ]{t)\\ tis+1 + || [(^ - /)vy t ](t)||^ +1 , 
so that by virtue of (2.17), we get, by applying product laws in Besov spaces, that for any 

ll/(nWII^<(i + llvni)IL3) 3 (!|vy(t)||.3||vy t (t)||^ +1 + ||vy(t)||^ + j|vy t (t)||.3 



which along with (4.11) implies that for any s > — |, 

(5-9) ll/(y)ll^ ( ^) < llvyil^^uvyiL^) + l|vy|| L . (A . +1) ||vy,|| i4(A§) . 

On the other hand, we get by using Bony's decomposition (3.8) that for — | < s < ^, 

IK-^y - ^)vy t 1 1 £1,(^+1) < My - ^IIl-^+i)!^^!^! (b §) 

^( 1+ ll VF ll i?? (Bl))ll Vy ll^(^)ll y *ll^(Bl)- 

Together with (4.11), this gives 



H0Ay-i)vy|| L ^ s+1) < livyii^^^nyii^^^. 

The same estimate holds for term ||[(»4y— J).AyVlt](£)||jj- s +i. We thus obtain for — | < s < 



2' 



(5-10) WfOOWtfrH.) £ \\ VY h ¥( H^)\\Yt\\ L}r( ^y 

By summing up (5.8) and (5.9), we obtain for s > — ^, 

II/(^9)IIl§, ( h.) £ IIv?II^ ( h.) + ll^llL-^^dlv?!!^^!) 

+ ,|yt|l L^(B§)) + ll Vy llt-(B§)ll F *ll^(^ +2 )' 

which together with (5.4) yields (5.6). 

On the other hand, by summing up (5.8) and (5.10), we get for — ^ < s < ^ 

\\f^q)\\ L ^) S H^IIli.(h.) + ril^(^ +2) (llvg|| L , {Bh) + mw^), 

from which and (5.4), we achieve (5.7). This concludes the proof of Lemma 5.3. □ 
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5.2. The proof of Theorem 2.2. The proof of Theorem 2.2 is based on the following 
proposition: 

Proposition 5.1. Let si > | and S2 € (—2) — l)- Let O^jQ) oe a smooth enough solution of 
(2.21)-(2.22) on [0,T]. We denote 

S" uS2 (Y,q) d =E" 1 (Y,q) + E" 2 (Y,q) + \\Y t \\l lfl + |I$J*1~ i„ 

( 5 - n ) + H y llz-(Bi nB s i+2,o) + "^"^(ef •°n^i+ 2 .°) + " ^"z^^l^nBn+M)' 

CS1,S2 <|ef TTiSl , t?S 2 , llv - l|2 I llfl V II 2 _L llv II 2 

t Q - E Q +E + ||li|| B i i0nB , ii0 + ll<WI B i, 0nB , li0 + Fo|l B 5, 0nB . i+a>0 , 
where 

ps/ v -> dj:W|| 2 J- M/9 VII 2 - 4- IIVll 2 

^TK 1 ^) " t "L°°(H°nH°+ 1 )~ r "^ ll L»(ff«) T|1 ll Lf?(iJs+ 2 ) 

+ H y *HL»(jj-+inff'+») + H^^lliK^+i) + H V 9ll L 2^) + H V ^Hl^(^)' 
and 

P s def ii v ||2 , no v i|2 , i| V i|2 

^0 - 11*1 11^^+1 + \\C3iO\\ffs + \\ Y 0\\f I s+2- 

We assume that 

(5.12) ||Vy|| .3 + ||y||roc rRsl +2,<n < c and 11111 .,,3 < 1, 

for some cq sufficiently small, then there holds 

(5.13) 4 1 ' S2 (y,g)<c 1 C' S2 + Ci(4 1 ' S2 (y,g) 1 / 2 + 4 1 ' S2 (y,g) + 4 1 ' S2 (y^) 2 )4 1 ' S2 (y,5), 

for some uniform positive constant C\. 

Proof. Under the assumptions (5.12), for s = s\ and s = S2, we deduce from Lemmas 5.1 
and 5.2 that 



(5.14) 






_i_ll-fll IIAVll _i_ II -f ll~ fllVll- -lIIAVII- ^ 

+ 11/ \\Ll(H^W^ X t\\ L ^ H s) + \\J\\ L i,(H°)\\\ I t\\L°°(H°) + H^ r lli°?(fl-*)y 

However, taking s = s\ in (5.6) gives rise to 



i/iIl^-i) ^ui v «ii^(a4) + ^'WM 1 + n y 'H^(^)) + n vy n^(Bi) 



+ n^ii L??(Bf) (i + \m\\ LUBi) ) + imi^j (w *»', 

and applying Proposition 4.2 and Proposition 4.3 leads to 
Iz^tfn) ~ll/llii,(ff*i) ~ II/IIlL^i- ) 

<II"V A II 2 _L Wft VII 2 _L IIVll 2 _L IVll 2 _L \\£) VII 2 

- Wt hl(Bi) + mY hUBh + Wt hl { Bh + "^L^ + f ) + lld3Y hl(Bi) 

+ HfttHI 2 4- IIHI 2 r 4- IIY'II 2 

11 "l|,(b s i+3) " "L5?(BfnB s i+ 2 ' ) " tn L 1 T (Bir\B s i+ 2 >°y 
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where we used the fact that ||Yj|| 1 . 5 < ||Yj| 1 5 . While as si > | and s 2 € (— §, — i), 
one has 



l|yt|l ^(Bl) + H^'l^bI ) + ^^(b!) + "^L^i + f ) + l|a3y|l L|(Bl) 

+ H^s^ll^^n+i) < ll 5 3^|| L 2 i (i/ S2 +ini/ s i+ 1 ) + H^llL2,(i/ s 2+ini/ s i+ 2 )- 
Along the same line, we deduce from Corollary 4.1 and its proof that 

+ llW^ijfllW^*) + II W^**)) < ^(^ 

As a consequence, we obtain 



ll/lli4(H.i) + ll/ll^(A.i)^^ 1,W (^«)+^ 1,W (^9) 3 J^ 1 (^9) 3 +^ 1,W (^^ 

Resuming the above estimates into (5.14) yields 

E$(Y,q) <E°i + (g^(Y,q)h+S^(Y, q )+S^(Y, q ) 2 )E s 7 }(Y, q ) 
(5.15) 

+ 4 1 - S2 (r, g )^(r,g)2. 

On the other hand, it follows from Lemma 5.3 and the fact that ||Y+ 1| , . 5 < 111* II , 5 n , 
' " tU L 1 T {B1) ~ " IM Li,(e2' )' 

that 



I/Hl8.(^) + I!/IIZU^) £ {£ S r 2 {Y^+Sr 2 {Y,q))E^{Y, q )-, 



from which, we infer, by a similar derivation of (5.15), that 

(5.16) E?(Y,q) < E° 2 + {£f£> 8 \Y,q)* + £^' S2 (Y, q) + £^(Y, q) 2 )E^(Y, q). 

Therefore, by summing up (5.15), (5.16) and (4.33) with s = si, we achieve (5.13). This 
completes the proof of Proposition 5.1. □ 

Now we are in a position to complete the proof of Theorem 2.2. 

Proof of Theorem 2.2. Given initial data (Iq,!^) satisfying the assumptions listed in The- 
orem 2.2, we deduce by Proposition 5.1 and a standard argument that (2.21)-(2.22) has a 
unique solution (Y,q) on [0, T], which satisfies (2.26) on [0, T\. Let T* be the largest possible 
time so that (2.26) holds. Then to complete the proof of Theorem 2.2, we only need to show 
that T* = 00 and there holds (2.27) under the assumptions of (2.24) and (2.25). Otherwise, 
if T* < 00, we denote 

(5-17) Tt f niax{T<T*: ££<**(¥, q) < V 2 }, 

for 770 so small that C\{t]q + tjq + rj^) < ^, and 

(5.18) IIVll^^ + 1111^(^+2,0) + ril L oc ( ^ 1+ !) < C 2 £^' S2 (Y,q)h < C 2m < 1, 

for the same C\ as that in (5.13). 

We shall prove that T = 00 provided that £0 is sufficiently small in (2.25). In fact, thanks 
to (5.18), we get by applying Proposition 5.1 that 

(5.19) £ s T 1 > S2 (Y,q)<2C 1 £° 1 ' S2 . 



GLOBAL SMALL SOLUTIONS TO 3-D INCOMPRESSIBLE MHD TYPE SYSTEM 27 

In particular, if we take £o so small that 1C\E^ < ^rj^, (5.19) contradicts with (5.17) if T < oo. 
This in turn shows that T = T* = oo, and there holds (2.27). This completes the proof of 
Theorem 2.2. □ 

6. The proof of Theorem 2.1 and Theorem 1.1 

With Theorem 2.2 and Lemma A.l in the Appendix A in hand, we can now present the 
proof of Theorem 2.1. 

Proof of Theorem 2.1. Under the assumptions of Theorem 2.1, we get, by applying Lemma 
2.1, that there exists a vector-valued function Yq{tj) = (Yq (y) , Y 2 '(y) , Y 3 '{y)) T so that 

X (y ) = / + Y (y ) and U o X (y ) = V y X (y) = I + V y Y (y) , 

which in particular implies 

^-n dX \x) 



Ox 



(I + V^r 1 ° X \x) = U \x) = 1- V,*. 



Let Y\(y) = uo(Xo(y)). Applying Lemma A.l with <fr(x) = X (x) gives 



l|Ii||jr.i+i + ll y ill^ 2 <C(||V*||^)[||tto||ff. 2 + ||uo|Ih.i+i + l|V*||^. 1+ i \\u \\jj2 

+ (1 + ||A*|| h . 1 -i)||V« ||h. 



<C(||V*|| })(||«o||^+(l + l|V*|| + |_3)||V Wo || +§ _3 

J>,1 P. 2 a p,2 

where in the last step, we used Lemma 3.1 so that 

||Vu ||iPi < ||Vwo|| n+ 3-3 for pe(l,2). 
b p,i v 

Similarly as ||9 3 Y |l B i,o ^ ll^bllgi.i ^ ll y o||^3, and by virtue of (2.12), Y = *(X (y)), one 
has 

IIV II _l_ \\£) V II _i_ \\£> V II 

\\lQ\\ H s 2 +2 r]H s 1 +2 + \\Oz'Q\\H'2 + ll C '3 r 0ll B i,() 

< C(\\vn I )(ll*ll^ + M + (1 + l|A*|| +M )||V*|| + j_ 4 ,, 

P.l V,2 D v,2 °v,2 



Whereas as p < 2, it follows from Definition 3.2 and Lemma 3.1 that 



|o||b..o= Yl 2^||A,A^|| L2 <^2^ + ^ 1 )||A J a|| LP £ 2 k ^ 



>*(£-*) 



,„ n . j,kez 2 iez k<j+N 

(6.2) 

<^ 2 ^ + ,-,) ||A j|Lp < ||G|| s 

— p, p 

Thanks to (6.2), we get, by applying Lemma A.l, that 
H y °iy.°n,B s i+ 2 '° ~" y °"R 1+ f n R s i+f+2- 



<C(||V*|| a) ||*|L 1+ |+(1+||A*|| S1+| a)||V*|| 31 . 



3 _ 1 



p.l p,l p,l p,l 
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and 



D p,l ' ,D P,1 



<C(||V*||.3 )(||w ||.a_ 1 + (l + ||V*|| sl+ 3_ 4 )||Vw | 



.3. 



Therefore, thanks to (2.7), we conclude that 

H y o||£Pi+2 ni j S2 +2 + ll y o|l Bsi+2;0nB 5 ]0 + 11^3^011^2 + ll^3 y o|l Bsli0nig i,o 

(6.3) + H y illi/ S i+ 1 + H y ill^2 + W Y i\\ Bsi ,o nB h° 
<C(||V*||. S2+ |_3 a_i +||ti ||. .a_i + ||V«o|| S1+ |_ f ) <Ce , 

from which, and Theorem 2.2, we deduce that the system (2.20) (equivalently (2.21)-(2.22)) 
has a unique global solution (Y,q) which satisfies (2.26) and (2.27) provided that Eq i n (2-7) 
is sufficiently small. 

def 
We denote X(t,y) = y + Y(t,y). Then it follows from (2.27) that X(t,y) is invertible with 

respect to y variables and we denote its inverse mapping by X~ l (t, x). Since det(l + VY) = 1, 

the adjoint matrix Ay of I + VY satisfies 

V • A Y = and A Y = (I + VY)" 1 

which implies 

(6.4) V x ■ [{I + VY) o X- 1 } = (V • [A Y (I + VY)]) o X' 1 = 0. 
Then we define U(t,x) = (h(t, x),b(t, x),b(t,x)) and (u(t,x),p(t,x)) through 

U(t,x) = {b,b,b){t,x) d =(I + VY)(t,X- 1 (t,x)) and 
u(t,x) d ^Y t (t,X-\t,x)), p(t,x) d ^q(t,X-\t,x)) - \\b(t,x)\ 2 , 
from which and (6.4), we infer that 

divb = divb = divb = 0. 

Hence according to Section 2, (U,u,p) thus defined globally solves (2.6). Then to complete 
the proof of Theorem 2.1, it amounts to prove (2.9). For this, we first notice from (6.5) that 

(Vu) o X(t,y) = V y Y t (t,y)(l + V y Y(t,y)y\ 
which along with the proof of (A. 4) in the Appendix A implies 

, 66 * II W "l1(K+;B§) ~( 1+ " V S' y llL-(R+;Bi)) " VyYt h^(R+;m) 

^ C(l|Vy|l L~(K+;Bl) )l|y|l Li(M + ;^'°)' 

Again thanks to (6.5), we get, by applying Lemma A.l with 3> = X(t,y), that 



||(5- ei,b- e2)|| L oc( R +. i ^ 2 +i) + \\b - e 3\\L^(R+;H s 2) 

+ \\ U \\l°°(R + ;H s 2) + I!** ~~ e 3llL 2 (IR+;B s 2+i) + \\ U \\l 2 (K+;H s 2+ 1 ) 

(6 ' 7) < ^(IIVY|| Loo(M+; ^3 ) )(||(a 1 Y,5 2 Y)|| Loo(M+; ^ 2+1) + ||d 3 Y|| Loo(K+ .^ 2) 

+ lMillL°°(R+;B s 2) + II^3^'IIl 2 (R+;H s 2+ 1 ) + 11^* Hl 2 (R+;B s 2+1) J • 



29 



(6.9) 
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Along the same line, one has 

(6.8) II M IIl1(IR + ;,FP1+ 2 ) ^ C '(II VF IIi,oo (K +.bI ) )( 1 + H Ay llL-'(R+;^i))ll Vy tllLi(IR+; J f/n+l) 

and 

||(6 - ei,b - e2)|| L oo( K + ;i j S i+i) + \\b - G3\\ Loo( ^+.ff ai +i^ 

+ H' U llL~(R+;iJ s l+ 1 ) + H b ~~ e 3llL 2 (IR+;i/ s i+ 1 ) + ll U lll,2(R+;ffn+2) 

< c(l|vy|| L +; £| j^ivyiiioo^+.jjsi+i) + ||>*|| L oo( K +.jj- S i+i) 

+ II^3^|| L 2( M +. j h'2)) + (1 + \\^y\\L°°(R+;H s l))\\\^y\\L^(R+;H s l) 
+ !l Vy llL°°(R+;// s i) + ll^3Vl A || L 2( R +. jH 's 1 ) + ||VYt|| L 2( M + ;i?sl +l))J. 

Consequently, we deduce from (2.27), (3.6), (6.3), (6.6) to (6.9) and the fact that \\u\\^ 
\\u\\g s ,o that 

||(o — ei, 6 — 62) Hx / ^(]R+ ; ijsi+iniJ s 2+i) + II" ~~ e 3llL«'(R+;_ff s i+ 1 n_ff s 2) 

+ \\ U \\ L°° (R+ ;H s i +1 nH s 2) + II" ~~ e 3\\ L 2 (R+ ;H 3 i + 1 nH s 2+ 1 ) 

(6-10) 1 ||„ II . . _!_ II, ,|| 

V > + ||W|| L 2 (K+ . ifsl+ 2 nifS2+ l ) + H U ll L i (R+;i j Sl+ 2 ni j^ 

<C(||V*|| . 32 +3_s S1+ 3_i +||«o|| . .a_i + l|Vu || , 1+ a_a), 

^,2 ' IJ3 p,l n z| l£ >p,l -°p,l 

provided that £0 is sufficiently small in (2.7). 

On the other hand, taking space divergence to the momentum equations of (1.1) gives rise 
to 

(6.11) Vp = -^V(|6| 2 ) + V(-A)- 1 div(u ■ Vu - b ■ V6), 

then applying product laws in Sobolev spaces gives rise to 

H^llL 2 (R+;H s inH s 2) 

^ C (\\ U \\ L oo (J g L +.Bi ) \\ Vu \\L2(R+-,H°inH°2) + \\ u \\L^(R+;H s mH s '2)\\^ u \\ L 2 iR +.^ ) 



< 



+ (1 + ||6 - e 3 || J/00(M+; ^3 ) )||V6|| jL2(R + ;J j sin ^ rS2) + ||6 - c 3 || L oo (R + ; A. 1 +i ) ||Vb|| I . 2(R+;6 i ) ), 
which together with (6.10) ensures that 

HVp|| L 2 (R+; ^ in ^2) < C(||V*|| + |_8 + |_1 + Kll . .§-1 + llVtioH + |_ § ), 

-°p,2 M ' t 'j>,l n ' l£ p,l a p,\ 

provided that £0 is sufficiently small in (2.7). This completes the proof of (2.9) and thus 
Theorem 2.1. □ 

Before we present the proof of Theorem 1.1, we shall first prove the following blow-up 
criterion for smooth enough solutions of (1.1). 

Proposition 6.1. Let 6 - e 3 G iP(]R 3 ) and u G H S (R 3 ) for s > §, (1.1) has a unique solu- 
tion (b,u) on [0,T] for some T > so that b - e 3 G C([0, T]; H S (R 3 )), wG C([0,T\;H a (R 3 )) 
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with Vtt € L 2 ((0,T);H s+1 (R 3 )) and Vp € C([0 J 7 Y ];fl' 5 - 1 (R 3 )). Moreover, if T* is the life 
span to this solution, and T* < oo, one has 



• 12) / (||Vu(t)||Loo + ||6(t)|||oc)cZi = oo. 

Jo 



Proof. It is well-known that the existence of solution to a nonlinear PDE basically follows 
from the uniform estimates to some smooth enough approximate solutions. For simplicity, 
we may only present a priori estimates to smooth enough solutions of (1.1) (one may check 

[23] for the detailed proof to the related system). As a matter of fact, let b = b — e%, we first 
get, by using a standard energy estimate for (1.1), that 

(6.13) ~(lfe + IHi a ) + 1^11^ = 0. 

Along the same line, applying Aj to the system (1.1) and then taking 1? inner product of 
the resulting equations with (Ajb,Aju), we obtain 

\j t (\\&Mh + \\ A Mh) + \\v&Mh 

( 6 - 14 ) = - (Aj(u ■ V6) | Ajb) + (Aj(b ■ Vw) | Ajb) 

- (Aj(u ■ Vw) | Aju) + (Aj(b- V6) | Aju). 
By virtue of the commutator estimates (see Section 2.10 of [2]), we write 

|(A>-V6) | ^^6)| < c J -(*) 2 2- 2 ^-(||v«(*)|| z ,^||6(*)||^ s h- [IK*)!!^—!!^^^)!!^,!!^*)!!^,), 

\(Aj(u-Vu) | Ajtt)| < c j (t) 2 2~ 2js \\Vu(t)\\ L oo\\u(t)\\} IS for any s > 0. 
Whereas it follows from product laws in Sobolev spaces that 

|(A#-V«)| ^-S)| < c J -(*) 2 2- 2 ^(||6(*)IU~||V«(*)||^ H- ||V«(t)|Uoo||6(*)||^.)||6(*)||^., 

and 

|(A,(6- V6) | A iU )| = |(A,(6®6) | A,-V«)| < c,(t) 2 2- 2 ^||6(t)||^||6(t)!| HS ||V W (t)|| Hs . 
Resuming the above estimates into (6.14) and using (6.13), we conclude that for any s > 0, 

II«(*)IIh« + \\b(t)\\h + \\Vu\\1* { h°) ^ \\ u o\\ls + \\bo\\% 

(6.15) rt 

+ C (||Vu(OIIl- + \\b(t')\\loo){\\u(t')\\% a + \\b(t')\\% 3 ) dt'. 
Jo 

Notice that s > |, one has, ||Vu(£)||i,°° < ||Vu(£)||h«, we thus achieve 

\\u(t)f Hs + ||S(t)|&. + l|V«|| 2 ?(//a) < ||wo4 s + \\So\\%. 

+ C [\\\u(t')f H s + \\b(t')\\ 2 HS )(\\u(t')\\% + \\b(t')\\%)dt', 
Jo 

from which, we infer that there exists a positive time T*, so that there holds 

(6.16) ||ti|||o ?(H . ) + ||6(t)||io ?(H . ) + ||Vti||^ (H . ) <C7T(||tiofe. + ||^||^) for any T<T*. 

which along with (6.11) ensures that Vp G C([0, T]; H S ~ 1 (M. )) for any T < T* . This concludes 
the existence part of Proposition 6.1. 
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Finally, applying Gronwall's inequality to (6.15) yields 
ll«(*)llff. + 
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h + l|V«" 2 



<(\\u \\ 2 HS + \\b \\ 2 H s)exp(cJ (||V«(Ol|L« + ||?(f)llL~)^) ^ t < T\ 

which together with a classical continuous argument implies (6.12). This completes the proof 
of Proposition 6.1. □ 

Now we are in a position to complete the proof of Theorem 1.1. 

Proof of Theorem 1.1. Under the assumption of Theorem 1.1, we deduce from Proposition 
2.1 that there exists a \I/ = (tpi, ip2, '4 ) 'i) T so that there holds (2.1)-(2.5). Notice that for 
s 2 £ (— |, —\) and p G (1, 2), S2 + f — \ > 0, then it is easy to observe that 



|V*|!. S2+ i_3 S1+ a_i<||*| 
B p2 P *nB p \ p 2 



B 






p^2 



^ ll b o -e 3 | 






Therefore, under the assumption of (1.16), for Uq = (I — V\I/) _1 , we infer from Theorem 
2.1 that (2.6) has a unique global solution (U,u,p) so that there holds (2.8) and (2.9). Let 
U = (b,b,b), then according to the discussions at the beginning of Section 2, (b,u,p) thus 
obtained solves (1.1), which is in fact the unique solution of (1.1) with initial data (bo,Uo), 
and there holds (1.18). 

On the other hand, by virtue of Proposition 6.1, given initial data (&o, uq) with &o — e 3 G 
H S (R 3 ) and u G H S (R 3 ) (since u G H S2 (R 3 ) and Vm € H S ^ 1 (R 3 )) for s > si + 2, (1.1) 
has a unique solution (6,u,p) with6-e 3 € C([0,T];iT s (R 3 )), Vp G C([0,T];H s - 1 (R 3 )), and 
w G C([0,T];# s (M 3 )) with Vu G L 2 ((0,T); iJ s+1 (M 3 )) for any fixed T < T*. Furthermore, 
if T* < oo, there holds (6.12). Due to the uniqueness, this solution must coincide with the 
one obtained in the last paragraph. Then thanks to (1.18), (6.12) can not be true for any 
finite T*, and therefore T* = co and there holds (1.17). This completes the proof of Theorem 
1.1. 

□ 



Appendix A. The Besov estimates to functions composed with a measure 

PRESERVING DIFFEOMORPHISM 

Lemma A.l. Let 3>(y) = y + *&(y) be a smooth volume preserving diffeomorphism on R . 
Then for u, v G S(R ), there hold 

|«o$|U„ <C(||WII 3) Hull 6., and 



(A.l) 



ib. <c(nv*n. a ; 

P,r v nP ' 

d pA 



b- : 



no $ 
u o $ 

!JO$| 



-ll 



Bs <C(||V*| 



b pV 



1_B S 



for s£ (-1,2], 



\B S 

p,r 



<C(||V*| 



\u\\b° + 11*11 - s +i MIr2 



>,1 



-ll 



I B" 



<C(||V*| 






\B S 



Hp,r 

+ ll^ll . .^illrl 



«,", 



<C(||W| 






'B* 



<C(||W| 



;i + iia* 






os — 2 . 

D p,r ' 



I 7J>, 



||Vu 
2IIIVV 



_B 2 

P,7" 



os — 1 
J - > p,r 



and 

for sG (2,3], 
and 

for s > 3, 



where C(A) denotes a positive constant non-decreasingly depending on A. 



32 L. XU AND P. ZHANG 

Proof. Let 

A = (ai i )tj=i,2 ) 3 = f / + V^, B = (6i J -)i J -=i,2 ) 3 = f (/ + Vj,*)" 1 . 
Then due to det .A = 1, the matrix £> equals the adjoint matrix of A. This leads to 

3 3 

(A.2) (d Xi u)°$ = ^ j b ji d yj {uo®) and ($,.«) o fc" 1 = J^ o ^^.(v o $~ 1 ). 

In what follows, we shall only present the proof of the related estimates involving u o $, 
and the ones involving v o $ _1 are identical. We first deduce from Lemma 2.7 of [2] that 

IIAj^AfcuJoSjIlLp < Cmin(2^ fe ,2 fe ^)||V^||L-||A fe u|| L p for all j,k£Z, 

so that for s £ (— 1, 1) and u € -ffi r (]R 3 ), one has 

||Aj(« o $)\\ LP < J^ || Aj ((A fe u) o $) || LP 
fcez 

<c(^ 2^' + J^ 2^ fe ) || V*||l~ II Afc«||i, 

k<j k>j 

<C||VvI/|| L o 2^ s (^ ch^-M 1 -) + J2 c k ,r2 {j - k){1+s) ) \\u\\b. r 

k<j k>j 



['<■ I 



<C*c j)7 .2- JS ||V*||toc||n||B^ for (c j>r ) je z € f 
This gives 
(A.3) ||«o$||£. <C(||V*||l«)||«IU. for se (-1,1). 

J - , p,r ±J p,r 

Whereas we deduce from (A.2) and (A.3) that 

lr"°$llBi <\\{Vxu)o$B\\ b0 <C(||V*||l«.)(1 + ||V*|| 3 f\\u\\ Bl . 

±J p,r ±J p,r v dP J ~ J p,r 

For 1 < s < 2, we get, by using (A.2) and product laws in Besov spaces, that 

\\uo^\\ BSpr <\\(V x u)o^B\\ B s p -i 

<C(1 + ||B-/|| 3 )||(V x n)o$||^_ 1 <C(||W|| i )\\u\\ B3 . 

y jjp ' °P,r DP P,r 

PA P,l 

This proves the first line of (A.l). 

On the other hand, it is easy to observe from Bony's decomposition (3.8) that 

\\ab\\ Br < ||o||l«||6||bt + INI . T +i \\ b \\m for T > °> 

1 - J p,r 1 - J p,r D 2. J - J p,oo 

1J p,r 

from which, (A.2), and the first line of (A.l), we infer that for s G (2, 3] 

(A4) < (i + ||v*||l~) 2 ||(Vu) o $11^ + (i + ||v*|Uoc)||v*||^_i || (v«) o §\\ 6ir 

<c(\wn a )(\\ U \\ B ^ + ii*iu 4 h«ii^ j 

This proves the third line of (A.l). 
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Inductively we assume that for k € N and k + l<s — l<k + 2 , 

k-l 

(A.5) ||« 0*11^-1 <C(||V*|| a )(INI jS ;-i+Ell*ll li .-l-ilNl^t a )- 

°pA j=0 p ' r 

Then by virtue of (A. 2) and (A.5), we deduce that 

II^^IIb^^IKv^o^h^-! 

< C(||V*|| . s_ )(||(V«) o n B ;-s + IIV^Ubj-iIKVw) o $||l~) 

k-l 

<C(||V*||.a)(|H| 6 . +T" 11*11 ..-i-il|V«||^+ 2 + ||*||B. ||Vn|| L o 

D P \ P,T ^ — * D 2 J J^p,r P,r 



R P 



3=0 



<C(||V*|| 3 )(l + ||A*|| RS - 2 )||Vd| RS -i, 

— DP "-t>p,r I " "£>p,r ' 

a pA 

which leads to the fifth inequality of (A.l). This concludes the proof of Lemma A.l. □ 

Appendix B. The proof of Proposition 2.1 
The proof of Proposition 2.1 will be based on the following lemma: 

Lemma B.l. Let s > 2 + |, p e (§,2), and / € B s pA (R 3 ) with Supp f(x 1 ,x 2 ,-) C [-K,K] 

for some positive constant K. We assume moreover that f and bo are admissible on! x {0} 
in the sense of Definition 1.1 and (2.1) holds. Then (1.15) has a solution ip € -BiJ^R ) so 
that 



(B.l) IMIb^ < C(/MV6o|| B .-i; 
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p,l 



Proof. Due to (2.1), (1.14) has a unique global solution on R so that for all t G 

(B.2) \\VX(t,-)\\ L °° < exp(||V6o||x,~|*|) and det( — i 2 "^) = L 

While it follows from (1.15) and (1.14) that 

d 



from which, we define 



tp(x) 



dt i;(X(t,x)) = f(X(t,x)), 



' /*oo 

- / f{X(t,x))dt if x 3 >0, 

°o 
f f(X(t,x))dt if x 3 <0. 

, J — oo 



Thanks to the assumption that / and bo are admissible on R x {0} in the sense of Definition 
1.1, the values of ip(x) at (x±,X2,0) are compatible. We remark that b^d^tp = —b^diip — 
h\d2^ + / and b\ > ^ implies that the derivatives of ip in the x\,X2 variables yields the 
derivatives of ip with respect to 23 variable. Therefore, we do not require any admissible 
condition for the derivatives of / and bo. 
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On the other hand, it follows from (2.1) that 6q > \ as long as eo is small enough. So that 
we deduce from (1.14) that 

X 3 (t, x) > x 3 + - > K if t>2K, x 3 > 0, and 

, t 

X d (t, x) < x 3 + - < -K if t < -2K, x 3 < 0, 

which together with the assumption: Supp f(xi,X2, •) C [— K, K] for some positive constant 
K, implies that 

I-2K 

f(X(t,x))dt if x 3 >0, 
(B.3) Y>(x) 



f(X(t,x))dt if x 3 <0. 

-IK 

With this solution formula for (1.15), it amounts to prove (B.l) in order to complete the 
proof of Lemma B.l. Indeed for any s > 0, we deduce from (1.14) and product laws in Besov 
spaces that for any t G [-2K, 2K] 

r\t\ , 
\\V x X(t,-)-I\\ 6 . < (\\Vb \\ L ~\\V x X(t',-)-I\\ss 
(B.4) pA Jo v "- 1 

+ ||(V6o) W, -))IIb| , (1 + HV^(t', •) - /||l«)) < 
from which, (A. 3) and (B.2), we get, by using Gronwall's inequality, that 

max W x X(t,-)-I\\& s < C(K, ||V& ||l°°) ||Vb || o a for sG (0,1). 

te[-2K,2K] a pA v ' a pA 

Then for s G (1, 2) and t G [-2K, 2K], we infer 

\\f(X(t, -))IU- , = l|V/(*(t, -))V,X(t, .)||b.-i 

;$I|v/||l~||v x x(v)-/||b.-i 

+ ||v/(x(t, ojIIb-i (i + liv^(t, •) - i\\ LOO ) 
<C(K, ||V6o|k-)(||V/||^||6 ||^ i + II/Hb^)- 
Notice that for p G (§,2), - G (|,2), we thus deduce from (B.4) that 



r\t\ 
\\V x X(t, ■) - /|| a </ || Vfeo|U~ || V SB -XT(t / , -) — Z|| a dt' 

+ C(K,||V6o||l-)(||V 2 &o||l-||&o||.3 +||V6o|| a), 

for £ G [—2K,2K]. Applying Gronwall's inequality gives rise to 

(B.5) max WX(t,-)-I\\ 3 <C(K,\\Vb \\ 1+ a)||V6 || a. 

te[-2K,2K] B p , B> 7 V, 

While it is easy to observe from (A. 4) that 

||uo$|U s <C(||Vtf|| a)(||«||B. +||V*|| RS ||u|| a) 

I'll p. 1 
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for s € (2,3], so that for 2 < s - 1 < 3, (B.4) implies 

"I* 

/ IIV7J..JI ,_ IIV7 Y(+' .\ — 71, 

l-B. 



\\VX(t,-)-I\\ B s-i< [ (\\Vbo\\ L <*>\\VX(t',-)-I\ 
p- 1 Jo v 



+ C(K,\\Vb \\ 1+ 3)(||V6 ||^-i + ||VA'(t',0-/|lB.-i||V6o|| i)dtf, 

for t € [—2K,2K], applying Gronwall's inequality gives 

(B.6) max IIV-XYt, •) - J|U»-i < C(K, ||V6 || i + s)||V6oIIb«-i for a € (3,41. 

v ; te[-2K,2K] u y ' " b p,i - v " u " b 1+ p'" U|l «p,i v J 

For s > 4, we deduce from (A.l) and (B.4) that 

||VX(i,.)-/||^-i< / (||V6 |koo||VX(i , ,.)-/||B.-i 
p,i 7 v p,i 



+ C(K, ||Vb || 1+ 3 ) (1 + \\VX(t', •) - /|| RS - 2 ) ||V 2 b || RS - 2 dt'. 

\ II Tp/ \ -°p,l 7 P,l / 

Whereas similar to (B.4), one has 

r\t\, N 

||VX(t, ■) - /||lp < / (|| V6o||l~ II VX(t', ■) - I||lp + ||V& ||.D>)cft / . 

As a consequence, we obtain 

/"I*!/ \ 

\\VX(t, •) - 7|| B ._i < C(K, ||V6 || BS -i) / (\\VX(t', •) - 7|| B .-i + \\Vb \\ BS -i) dt'. 

Applying Gronwall's inequality leads to 

(B.7) max WX(t, •) - i1|„.-i < C(K, ||V6o|| R .-i) I|V&o||r-i for a > 4. 

v ; te[-2K,2K] u K ' " b p,i - v " U|IB P,i y " U|Is p,i 



Finally we deduce from (A.l) and (B.3) that 

r-2X 

' ' 



f 2K / \ 

s < / C(|| VX(t', ■) - I\\ . 3 ) 1 + ||VX(t', •) - J|| B ._i II V/|| BS -i dt', 

p.i J_ 2K b p x V p,i / p,i 



which together with 

IIV'IIlp < II/IIlp 

and (B.6) and (B.7) concludes the proof of (B.l). D 

Proof of Proposition 2.1. Under the assumption of (2.1), we would first like to find a solution 
C0i>^2) € -Bp 5l (IR 3 ) to the following system: 

(1 - d X2 i/j 2 )d X3 tpi + d X3 ip 2 d X2 V>i = bo, for i£l 3 , 

(1 - d Xl ipi)d X3 ip 2 + d X3 ipid Xl if) 2 = bl 

If we use the standard iteration scheme to solve the above problem, the iterated solutions 
will lose derivative on each step. However, notice that 



( B - 8 ) \ M :. . . \;> ,. :, .. •> .. _ l2 



9 X1 (d X2 ipid X3 ip 2 + d X3 ipi(l ~ d X2 ip 2 )) + d X2 {d X3 ipid Xl ip 2 + d X3 ip 2 (l - d Xl ipi)) 

+ d X3 ((l - d xi ipi)(l - d X2 tp 2 ) - d X2 i)id xl i) 2 ) = 0. 
This along with div bo = ensures that 

d X3 {pi - (1 - xl V>i)(l - 9 X2 i/j 2 ) + d X2 i>id xl il)2) = 0. 
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Since 6q — 1 G B* 1 (]R 3 ), we conclude that 

(B.9) &o = (! - ^iV-iKl " ^2) - d X2 ^d xl ^ 2 . 

With (B.9), we solve (B.8) for 9 X3 ip± and 9 X3 ip 2 from (B.8) 

'ds 3 <M _ 1 fl-dxtlpl -9x2^1 \ (bo 



or equivalently 
(B.10) 



9x^2) bl V -9xi^2 1 - ^^2/ V^o 



bod Xl ip! + bod X2 ^i + 60^3 V>i = 6q ) 
bl9 X i^2 + b\d X2 ^ 2 + bl9 X3 i/j 2 = bo- 
Thanks to (2.1) and Lemma B.l, (B.10) has a solution (ipi,i^ 2 ) so that 

(B.ll) ||tyi,^)|| B . <C(K,e )\\(bkX)\\ B > ■ 

Whereas for * = (ipi,ip2,ip3) > we deduce from det(/ — V\&) = 1 that 

(l - <9i^i - ^2^2 + 9 1 4> 1 d 2 4>2 - 9 2 i/j 1 d 1 i/j 2 )d 3 i/j3 + (9^83^ + <9 3 V>i(l - 9 2 ip 2 ))9 1 ip 3 

+ (p^di^ + (1 - 9 1 ip 1 )9 3 ip 2 )d 2 ip3 = -9i^i - <9 2 V>2 + 9 1 l/j 1 9 2 1p 2 - 9 2 ip 1 9 1 ijj 2 , 

which together with (B.8) and (B.9) yields 

(B.12) bod xl il>3 + b 2 d X2 ^ 3 + b 3 9 X3 ^ 3 = bl-l. 

Along the same line to the proof of (B.ll), (B.12) has a solution i/j 3 so that 

\\MB kl <C(K,e )\\b 3 -l\\ B s A . 

This together with (B.ll) leads to (2.2). And thus (2.5) follows from (2.4). 

Finally observing that Uq defined in Proposition 2.1 is in fact the adjoint matrix of I— V x \l/, 
Uq automatically satisfies (1.9). This finishes the proof of Proposition 2.1. □ 
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